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Résume et mots clés

Cette these est dédiée a I'étude des algebres de convolution lisses associées aux
groupes de Lie, apparaissant naturellement en géométrie non-commutative et en
théorie des représentations. Notre résultat établit un isomorphisme, apres stabili-
sation, entre I’homologie cyclique périodique des algebres produits croisés lisses
associées a un groupe de Lie réel et a son sous groupe compact maximal, produisant
un analogue homologique de I'induction de Dirac a coefficients pour les groupes de
Lie.

Notre approche repose sur les travaux de Nistor qui établit cet isomorphisme loca-
lement, c’est-a-dire au-dessus de chaque classe de conjugaison du groupe, et sans
stabilisation. Les outils principaux utilisés proviennent de la K-théorie bivariante de
Kasparov et de sa description par Cuntz. Nous proposons un raffinement de la mé-
thode de Dirac-dual Dirac et de la notion d’équivalence de Morita pour une adaptation
a notre cadre.

Mots clés : GEométrie non-commutative, Algebres de convolution, Homologie cy-
clique, K-théorie, K-théorie bivariante, Groupes de Lie, Théorie des représentations



Abstract and keywords

This thesis is devoted to the study of smooth convolution algebras associated to Lie
groups, appearing naturally in non-commutative geometry and representation theory.
Our result establishes a stable isomorphism between the periodic cyclic homology of
the smooth crossed product algebras associated to a real Lie group and to its maximal
compact subgroup. It may be viewed an homological analogue to the Dirac induction
with coefficients for Lie groups.

Our approach is built on earlier work of Nistor who established this isomorphism
locally, i.e. around each conjugacy class of the group and without stabilization. Essen-
tial tools come from Kasparov’s bivariant K-theory and its interpretation by Cuntz. We
set up a refinement of the Dirac-dual Dirac method and of Morita equivalence which
fit into our framework.

Keywords: Non-Commutative geometry, Convolution algebras, Cyclic homology,
K-theory, bivariant K-theory, Lie groups, Representation theory
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Introduction

The starting point of our study is the interplay between representations of groups
and representations of algebras. For a locally compact group G, the convolution alge-
bra €. (G) of compactly supported continuous functions provides a natural algebraic
model. Representations of the group correspond to modules over this algebra, al-
lowing one to pass from group-theoretic data to algebraic structures. However, this
algebraic viewpoint alone is not sufficient to capture the analytic features of repre-
sentations. This leads naturally to the construction of group C*-algebras, obtained as
completions of 6, (G) with respect to suitable norms. The full group C*(G) encodes
all unitary representations, while the reduced group C} (G) captures those that are
tempered. These constructions lie at the heart of non-commutative geometry, they
encode the harmonic analysis of a group through a non-commutative algebra.

Furthermore, the additional data of a group action on a locally compact space (and
more generally on a locally convex algebra) yields to the notion of convolution algebra
with coefficients, i.e. crossed product algebras. These can be viewed as a noncom-
mutative analogue of the quotient of a space by a group action and provide a natural
framework for studying orbit spaces. In our case of interest, the group G will be suppo-
sed of Lie-type and its action on a locally convex algebra A will be supposed smooth.
It gives rise to the smooth convolution algebra A x G = €:°(G, A) with A-valued co-
efficients. The aim of this thesis is the study of homological invariants (in particular
periodic cyclic homology) of this convolution algebra.

Denote by K a maximal compact subgroup of a real Lie group G. The associated
homogeneous space G/K = R is contractible and one might expect a link between the
homological invariants of A X G and of A % K. The famous Baum-Connes conjecture
(with coefficients) claims in the case of Lie groups the existence of an isomorphism
up to a degree shift

K.(Ax; K) — Koym(A X, G) (1)

between the K-groups of the reduced C*-crossed products by G and K with respect
to a C*-algebra A endowed with a continuous action of G. In the early 90-s, V. Nistor
established a result similar to conjecture (1) for the periodic cyclic homology of smooth
crossed products. He constructed an isomorphism

HP,(AXK)(xy = HPeym(AXG) . (2)

where the subscript denotes the localization at the maximal ideal of the algebra of
class functions on G given by functions vanishing at the conjugacy class (x). However,
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these local isomorphisms cannot be glued together to obtain a global correspondence
between the homology groups of A x K and A % G.

In this thesis, we construct a global isomorphism (after stabilization) between these
periodic cyclic homology groups, thereby providing a homological analogue of the
Baum-Connes conjecture for Lie groups with coefficients. Our approach decomposes
this isomorphism into two different pieces via an intermediate space :

HP.(Ax K) = HP.(6°(G/K,A) X G) — HP..;,(AxG). 3)

The left-hand isomorphism is well-known at the C*-algebraic level and requires some
adaptations to fit the Fréchet algebras framework, while the right-hand isomorphism,
way more complicated, follows the strategy below.

In the easiest case where A = C is the trivial algebra, the central part of the right-
hand isomorphism relies on the identification of HP,(6:°(G/K)) = HP.(€:°(R™))
with HP.,,,(C). Our first idea was to obtain this identification adapting the Thom
isomorphism (Poincaré duality) occurring at the level of De Rham cohomology with
compact support. This first approach did not work, however, because the construc-
tions we could obtain were not compatible with crossed products. A key observation
is that periodic cyclic homology also admits a close relationship with K-theory, where
a Thom isomorphism (Bott periodicity) holds :

K. (€XR™) =K (R") — K" ({pt}) = Kesm(O).

It can be proved using the Dirac-dual Dirac method at the level of equivariant Kaspa-
rov’s bivariant K-theory, which is now compatible with crossed products. Our strategy
for the right-hand isomorphism of (3) then relies on the adaptation of the Dirac-dual
Dirac method from the Kasparov bivariant K-theory to our needs.

Introduced by G. Kasparov, the bivariant K-theory assigns to a pair of C*-algebras
(A, B) an abelian group KK (A, B). The group KK(A,C) is the group of homotopy
classes of Fredholm modules over A and stands as a non-commutative analogue of
elliptic operators. The group KK(C, B), on the other hand encodes idempotents and
invertible matrices over B, which play the role of vector bundles over a locally compact
space. The main feature of the theory is the associative Kasparov product

—x—:KK(A,B) x KK(B,C) — KK(A,C). (4)

If A= C =C and B = € (M) is the algebra of continuous functions over a compact
space M, the Kasparov product recovers the index pairing between elliptic operator
and vector bundles over M. Kasparov also developed an equivariant version of this
theory which preserves the product (4).

Consider a Lie group G with maximal compact subgroup K as before. Kasparov
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constructed two distinguished classes
a € KKg(€6:(G/K),C) and B e KKg(C,6:(G/K)),

called Dirac element and dual Dirac element, where €;(G/K) is a certain algebra of
"matrix valued functions" on G/ K. They satisfy the fundamental identities :

ax B=1¢eKKg (6 (G/IK), 6 (G/K)) and Res%(f x ) =1 € KKg(C,C) = Rep(K).

These relations make a and f as dual to each others in a K-equivariant way. Our aim
will be to construct some analogues of these Dirac and dual Dirac elements at the
level periodic cyclic homology which satisfy similar relations.

For that, we need a more algebraic description of the bivariant K-theory. It is provi-
ded by the Cuntz’ picture which identifies bivariant K-theory with homotopy classes
of C*-algebra homomorphisms between the Cuntz algebra gA and the algebra B
stabilized by compact operators :

KK (A, B) — Hom(g A, B ®; ) jhomotopy- (5)

In this setting, the Kasparov product corresponds essentially to the composition of
associated C*-algebras homomorphisms. In this thesis we present an adaptation of
the right-hand side of this identification to fit the Banach/Fréchet context. The idea to
use the Cuntz-picture of bivariant K-theory to obtain a bivariant Chern character is
due to Nistor [Nis93] [Nis91]. We use here a slightly different approach, making heavily
use of excision [CQ95], which was not yet known in the early nineties.

Our first idea is to propose a rescaling model for the Cuntz algebra g A, which is
defined as an ideal of the C*-free product QA. For any R > 0, we introduce a parame-
trized version of a free product, denoted QrA, as a completion of the algebraic free
product by a rescaled norm. The associated ideal gg A becomes the main receptacle
of differences of Fréchet algebra homomorphisms out of A, of norm smaller than R.
As in [Cun87], we show that there exists a canonical and natural homotopy equiva-
lence between Qg A and the direct sum A & A after stabilization by square matrices. It
descends as a homotopy equivalence

grA— A

which is natural, stable under group actions and compatible with crossed product
constructions.

The second idea suggests a refinement of the algebra of compact operators £ ap-
pearing in the Cuntz-picture (5) using Schatten ideals, more compatible with periodic
cyclic homology. We show that for p > dim(G/K), there exists a parameter R > 0 great
enough so that the Dirac and dual Dirac elements induce Fréchet algebra homomor-
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phisms :
a': qr(€>(G/K)) — ¢PC and B':q,C — My(€>2(G/K)), (6)

where €°°(G/K) is a smooth version of the matrix valued algebra 6;(G/K) and ¢ PG ig
the algebra of G-smooth vectors in the p-th Schatten ideal.

The third idea consists on defining a notion of equivalence for G-algebras which
makes these algebraic constructions compatible with crossed products at the level
of periodic cyclic homology. Refining an idea of Cuntz and Quillen [CQ95], we intro-
duce the notion of quasi-Morita equivalence with the property that if A and B are
quasi-Morita equivalent G-algebras, then there exists a chain-homotopy equivalence
between the periodic cyclic complexes of their associated crossed products. As a Fré-
chet analogue of the Green’s Imprimitivity theorem, we establish the quasi-Morita
equivalences A ~ €:°(G, A) X G and €:°(G/ K, A) ~ €:°(G, A) x K which establishes
the left-hand piece of (3) :

HP.(Ax K) — HP.(€>°(G/K,A) x G).

Moreover, the quasi-Morita equivalences €:°(G/K) ~ €;:°(G/K) and ¢ L. imply
that the Dirac and dual Dirac homomorphisms of (6) descend as chain-complex
homomorphisms

(@*®id.y) % G:CC(€X(GIK, ) X G) — CC(«f x G)[dim(G/K)],

(B ®idy) x G:CCled X G) — CC(E€X(GIK, ) x G)[dim(G/K)],

where of = A®,;2 denotes the stabilization of A by a certain G-smooth Schatten ideal.
The right-hand piece of (3) relies on the fact that these morphisms are homotopy
inverse to each others. The proof of this statement follows two steps. First of all, the
fundamental identities (6) show that @ and § are dual to each others in a K-equivariant
way and the Cuntz-picture (5) relates this Kasparov product to the composition of the
associated K-crossed products homomorphisms, which implies that

(@' ®@idy) x K: HP.(€°(GIK, ) x K) = HP. gimG/k) (& 1 K)

is an isomorphism of inverse (8 ® id, ;) x K. Secondly, the main theorem of Nistor (2),
which identifies the periodic cyclic homology of crossed products by G and K around
each conjugacy class of G, implies that (al®i d.) X G is a quasi-isomorphism on each
stalk. Since it is globally-defined, it induces a global isomorphism

(CZﬁ ® ld@{) X G: HP.((ggo(G/K,.szf) X G) = HPo+dim(G/K)(=52¢ X G)

of inverse (B* ® id.;) » G, establishing the right-hand side of (3). The combination of
all these arguments shows the main theorem of this thesis.

Theorem. Let G be a real Lie group with maximal compact subgroup K. For every

10
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complete locally convex algebra A endowed with a smooth action of G, the Dirac element
a € KKg(6:(G/K),C) realizes the following isomorphism :

Morita (a'®idy)xG

HP,(# X K) — HP.(6°(G/IK, /) xG) ~ —" " HP.\dimc/x) (& % G).

where of = A®; 9D is the stabilization of A with a certain G-smooth Schatten ideal.

The thesis is organized as follows. In Chapter 1, we introduce convolution algebras,
group representations, and crossed product constructions. Chapter 2 reviews K-theory,
both in its algebraic and topological forms, and introduces the tools needed for later
developments, especially the dual Dirac element. Chapter 3 is devoted to index theory
and K-homology, providing the conceptual background for the definition of the Dirac
element. In Chapter 4, we develop periodic cyclic homology and its relation to K-
theory via the Chern character. Chapter 5 introduces bivariant K-theory and its Cuntz
approach. Chapter 6 discusses the Baum-Connes conjecture and related results, i.e.
the key motivation for our study. Chapter 7 proposes a notion of Morita equivalence
that produces chain-homotopy equivalences at the level of periodic cyclic homology.
Finally, Chapter 8 presents the main results of the thesis, including the construction of
Dirac and dual Dirac elements in a Banach framework and their associated Dirac-dual
Dirac method at the level of periodic cyclic homology.

11
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This chapter develops the analytic and algebraic framework underlying crossed
product constructions. We begin with convolution algebras associated to locally com-
pact groups, emphasizing their role as algebraic models for representation theory.
The passage from convolution algebras to their C*-completions allows one to encode
different classes of representations, notably unitary and tempered representations.
We then introduce crossed product algebras, which generalize group C*-algebras by
incorporating an action on an auxiliary algebra. These constructions provide a non-
commutative model for dynamical systems and play a central role in noncommutative
geometry. Finally, we discuss smooth versions of these algebras, which retain finer
analytic information and are better suited for Banach homological methods. These
smooth crossed products will serve as the main objects of study in later chapters.

1.1 Convolution algebras

The convolution algebra 6,.(G) of a locally compact group G provides an alge-
braic framework for representation theory : instead of considering individual group
elements, one studies linear combinations acting via convolution. This leads natu-
rally to group C*-algebras, obtained by completing 6,(G) in suitable norms. The full

13



1.1 Convolution algebras

group C*(G) encodes all unitary representations, while the reduced group C (G) cap-
tures the tempered representations. These constructions link harmonic analysis and
operator algebras. Classical examples include for instance finite groups (recovering
group algebras) and abelian groups (via Fourier transform). This section introduces
convolution and completions for the purpose of representation theory.

1.1.1 Group representations

We set G to be a topological group. A (complex) representation of G is the data of
a complex Hilbert space V with a group homomorphism 7 : G — End(V) such that
(g, v) — m(g)(v) is continuous for the topology of G and V. We will write 7, V or (7, V)
depending on the context. A morphism of representations between (r, V) and (7, W)
is a complex-linear map ¢: V — W such thatforall ge G

pon(g)=1(g)od.

The space of representations of G defines a category Rep(G) which encapsulates deep
information coming from the group and is a key structure to study it. In good circum-
stance, it is even possible to recover the group from its representation category as state
Pontryagin or Tannaka-Krein dualities [Bru94]. Given two representations (7, V) and
(7, W), their direct sum V & W and their tensor product V ® W are representations of
G for the rules :

(meT)(g)=n(g)®1(g) and (T T1)(g) :=7(g) ®T(g).

The space of finite dimensional representations of G is then a ring called representa-
tion ring of G and denoted R(G). When G =T is discrete, R(I') = C[I'] is the classical
algebra of complex valued Dirac functions on I'. Also, we say that a representation
(7, V) is irreducible if any closed subspace W < V which is stable under 7 (g) for all
geGiseither W=gorW=V.

Theorem 1.1.1. When G =T is discrete, the algebra C[I'] realizes the following equiva-
lence of categories :
Rep(I') = C[I'] —mod.

This result motivates the study of convolution algebras as they encapsulate, at
least for the discrete case, the major behavior of the category of representations. It
stands as an non-commutative analogy of classical geometry : whereas the study of
commutative algebras provides information on the spaces of points, non-commutative
algebras describe the spaces of representations.

1.1.2 Convolution algebra

Classical geometry associates to a space the commutative algebra of continuous
functions vanishing at infinity. This algebra encapsulates all the geometrical infor-
mation arising from the space. Now, for a group (discrete, compact, locally compact,

14



1.1 Convolution algebras

p-adic, etc) we want to recover the same process : to associate a canonical algebra
outlining the behavior of the group. The answer is multiple, depending on the topo-
logy of the group and the behavior we want to extract from it, but they all appear as
completions of the convolution algebra of the group.

In this setup, the basic non-commutative algebra associated to G is the convolution
algebra €6,.(G) of compactly supported complex valued continuous functions on G
[Bou06]. Fixing a Haar measure on G, the convolution algebra is endowed with the
product :

(fl*fz)(g)ZLfl(S)fg(s_lg)ds.

When G =T is discrete, it reduces exactly to the group algebra C[I']. For instance, the
convolution algebra €.(Z) is the space of complex valued Z-sequences with Cauchy
product.

The integrated form of a representation (7, V) of G is the map 7 : €.(G) — B(V)
from the convolution algebra to the space of bounded operators on V, defined as
follows :

z(f)(v) ::fo(g)n(g)vdg. (7)

The integrated form verifies the property that 7(f; x fo) = 7(f1) - 7(f2) for all fi, f> € G.
It equips the vector space V with a left-module structure over the algebra €, (G) which
depends only on the representation. The transformation 7 — 7 even realizes the equi-
valence of categories of theorem 1.1.1.

When G is abelian, its Pontryagin dual is the space of its unitary characters G :=
Hom(G, U(1)). It is a locally compact group with the property G = G, known as Pon-
tryagin self-duality. The Fourier transform sends any element of the convolution
algebra of G to a function vanishing at infinity on its Pontryagin dual :

GG — €,(6).

In the abelian case, it constructs a bridge between representation theory and classical
geometry. As the convolution algebra is commutative if and only if the underlying
group is abelian, this Fourier-type argument doesn’t hold in generality. It is because
the expected dual space or quantum space is not necessarily geometric but of repre-
sentation type.

1.1.3 Completions
1.1.3.1 C*-algebra

We say that a representation (7, V) of G is unitary if for every g € G the operator n(g)
is unitary as operator on V [Mac77]. Two unitary representations (7, V) and (7, W) are
said to be equivalent, and we note V ~ W, if it exists an operator T : V — W such that

15



1.1 Convolution algebras

forallge G, Tn(g)=1(g)T.

We define the unitary dual of a locally compact group G as the set of equivalence
classes of irreducible unitary representations of G :

G:= {unitary irreducible representations of G}/ ~ .

It is a topological space equipped with the Fell topology [Fel62]. When G is abelian,
irreducible representations are one-dimensional and the unitary dual is nothing else
than the Pontryagin dual. For non-abelian group the unitary dual is more complicated
and is a central motivation for the Langlands program [BSV24].

Definition 1.1.2. The group C* -algebra C*(G) of a locally compact group G is the
completion of 6.(G) with respect to the x-norm defined as :

£l := sup 17 (Il
[11eG

This algebra plays a key role in representation theory and non-commutative geome-
try, see [Dix77]. It is the C*-algebra encoding all the unitary representations of G. The
Fell topology is set to obtain a bijection between the unitary dual G and the set of pri-
mitive ideals of C*(G). It produces a topological approach to a representation theory
problem. When G is abelian, the Fourier transform f < feven gives the identification

C*(G) = 6,(G). 8)

1.1.3.2 Reduced C*-algebra

A tempered representation is a unitary irreducible representation which is weakly
contained in the left-regular representation [Fel62]. The tempered dual of G is defined
as

G, := {tempered representations of G}/ ~ .

It is a subspace of unitary dual and inherits naturally of the induced Fell topology.
Now, the corresponding C*-algebra is known as the reduced C* -algebra of the group.

Definition 1.1.3. The reduced C* -algebra C} (G) of a locally compact group G is the
completion of 6.(G) with respect to the reduced x -norm defined from the integrated
form of the left-regular representation A :

Ll == IACHI.

When the group is compact (and more generally amenable), the Peter-Weyl theorem
asserts that every irreducible unitary representation is tempered, which gives C* (G) =
C}(G) in that case.

16



1.2 Crossed product algebras

1.2 Crossed product algebras

Crossed product algebras extend the idea of group C*-algebras by allowing a group
G to act on another algebra A. The construction A X G encodes both the algebraic
structure of A and the dynamics of the group action, generalizing the case A = C
which corresponds to C*(G). Concretely, elements are functions from G to A with
convolution twisted by the action. Crossed products thus provide a noncommutative
analogue of transformation group spaces and dynamical systems. They are central
in noncommutative geometry : when A = %6,(X), the crossed product reflects the G-
action on the topological space X. This section introduces algebraic crossed products,
explains their functorial properties, and presents fundamental results such as Green’s
imprimitivity theorem. This part is inspired from the book [Wil07], which stands as
the classical reference for the subject.

1.2.1 Algebraic crossed product

A C*-dynamical system is a triple (A, G, a) of a C*-algebra A, a locally compact
group G and an action a of G on A by continuous automorphisms. Let 6,.(G, A)
be the space of compactly supported continuous functions. We define the twisted
convolution by :

(fi*f2)(8) I=fo1(S)as(fz(s_lg))ds.

The algebra (6,(G, A), %) with this convolution product is called algebraic crossed
product and denoted A x G.

This notion is a generalization of the group algebras we saw because when A=C
is equipped with the trivial action, the dynamical system (C, G, id) induces nothing
other than the usual convolution algebra %, (G) of the group.

If X is a topological space endowed with an action a of G, we can extend the
action on A = 6(X) by the formula (ag f) (x) := f(a;lx), making (6,(X),G,a) a C*-
dynamical system. The associated algebraic crossed product 6,(X) x G encapsulates
both the action of the group and the geometry of the underlying space.

1.2.2 Full and reduced crossed product

A covariant representation of the dynamical system (A, G, @) on a Hilbert space H
is the data of 7 : A — B(H), anon-degenerate representation of Aand U: G — U(H) a
strongly continuous unitary representation of G which intertwine as :

Ugn(a)Ug =n1(ag(a)).
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1.2 Crossed product algebras

We call integrated form of a covariant representation (i, U), the operator 7 x U :
€.(G,A) — B(H) defined as

(@ x U)(N)(v) ZZfGﬂ(f(g))Ug(v)dg.

It is a generalization of the integration form (7) we defined for usual convolution
algebras. As before, it builds a left-module over the algebra %, (G, A) which depends
only on (7, U).

Definition 1.2.1. The crossed product A x4, G is the completion of the algebraic crossed
product A X G with respect to the norm

”f”max:: sup ||(7T>4U)(f)||

(m,U) covariant

Of course, when A = C is endowed with the trivial action, C x;4 G is nothing other
than the group C*-algebra C*(G). The crossed product algebra A x, G satisfies the
universal property that each covariant representation (7, U) integrates to a represen-
tation 7 X U over it which is non-degenerate and, in the converse sense, that any
non-degenerate representation over the crossed product algebra is unitary equivalent
to the integrated form of a covariant representation. The crossed product algebra
encodes both the algebraic structure of the algebra A and the dynamics of the action
of G. It is best thought of as the noncommutative quotient of the system (A4, G, a).

Let us build some examples.

- In the easiest case when the algebra A = C is chosen trivial, covariant repre-
sentations — i.e. non-degenerate representations of C x;; G— are just unitary
representations of the group G.

- If X is a locally compact space endowed with an action a of G, any G-vector
bundle p : E — X (see §2.4) induces a non-degenerate representation of the
crossed product algebra %6,(X) %, G. Indeed, setting H = £2(X, E) we obtain
two intertwining operators 7 : 6o(X) — B(H) and U : G — U(H) defined as :

(O (X) = f(x)Ex) and U () () (x) = g- €(ag' ).

Not all the covariant representations arise from this geometric construction
because we imposed H to be a certain space of square integrable functions over
X.

Definition 1.2.2. The reduced crossed product A %, ; G is the completion of €.(G, A)
for the reduced norm

”f”r = ||(7Treg>4 A)(f)”

where (7 reg, A) is the regular covariant representation on the Hilbert space H = L2(G)
defined with (71 reg(@)) (f) (%) := a' (@) f (x) and (A()) (f)(x) = f(g~'x).

Again, when A = C with trivial action we recover the reduced C*-algebra C*(G) of
the group. Moreover, if G is compact (and more generally amenable), the Peter-Weyl
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1.2 Crossed product algebras

theorem still asserts that the reduced crossed product A X, G and the full crossed
product A x4 G are isomorphic.

1.2.3 Properties of crossed products

The main properties of crossed product algebras can be expressed in a categorical
setting and require the notion of Morita equivalences. Two rings A and B are Morita
equivalent if their category of modules A-mod and B-mod are equivalent; we will
write A ~ B. For instance, any ring A is Morita equivalent with all of its matrices spaces
M, (A).

If A is a C*-algebra with an action of G as before and H is a subgroup of G, the
C*-algebra 6,(G/ H, A) is diagonally endowed with an action of G. The associated
crossed product algebra can be described as follows.

Theorem 1.2.3 (Green Imprimitivity). [Wil07][§4.21] If G acts on A with an action «
and H is a closed subgroup of G, there is Morita equivalence :

60(G/H, A) Xq G~ Ay H.

This fundamental theorem tells us that the study of the crossed product algebra by a
subgroup relies heavily on the understanding of the associated homogeneous space.
Without coefficients, it only remains the translation action of the group G over G/ H
and we get as in [Wil07][§4.29] and [Rae92] :

6o(G/H) x1;G ~ C* (H). 9)

where the underscript It means left-translation action.

Remark This statement provides a deep duality between inducing and restricting
representations in the context of group actions and algebras. In other words, even
though the crossed product 6,(G/ H) X G may seem far more complicated, its re-
presentation theory and structure are fundamentally governed by the subgroup H.
It is one of the motivation for the Connes-Kasparov theorem, following the ideas
behind Mackey’s theory of induced representations and serves as a noncommutative
geometric version of those classical results.

Now for the geometric point of view, take X as a G-space for a certain continuous
action a and build the crossed product algebra associated to the dynamical system
(6p(X), G, a). The corresponding crossed product algebra encodes the orbit structure
of the action as states the following theorem from [Com84] and [Gre77].

Theorem 1.2.4. When the action of G on X is free and proper, we have the Morita
equivalence :
Go(X) Xg G ~Co(X/G).
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1.2 Crossed product algebras

1.2.4 Smooth crossed product algebra

Fix G to be a real reductive group acting on a locally convex complex algebra A. The
setup that will interest us is the smooth crossed product algebra :

AxG=(€>(G, A),x%).
It captures both the differential geometry of A and the dynamics of the group action.

Since G is reductive, it possesses a maximal compact subgroup K. The homogeneous
space G/K is a euclidian space, thus contractible. Topologically, G and K are then
smoothly homotopic and one expect some link between their respective crossed
product algebras. The following is a theorem of Nistor which states that their periodic
cyclic homology, we will define in section §4, are isomorphic along every conjugacy
class.

Theorem 1.2.5 (Nistor). For every conjugacy class (x) of G, there exists an isomorphism :
HP., (A X G)<x> =~ HP.+dim(G/K) (A X K)<x>.

Unfortunately, this isomorphism is not computable explicitly because it is the compo-
sition of several coboundary maps. One cannot expect to glue it along the conjugacy
classes of G because the proof uses the topology of the centralizer G, which drastically
differ depending on the conjugacy class. The aim of this thesis is to provide a global
computable isomorphism.
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K-theory was born at the crossroads of topology and representation theory. Its ori-
gins can be traced back to the study of vector bundles over a locally compact space
X. The idea of A. Grothendieck is that instead of considering the set of isomorphism
classes of vector bundles as a monoid for the Withney sum, he considers their formal
differences which forms an abelian group. M. Atiyah and E Hirzebruch [AH12] chose
this abelian group to be the topological K-theory of X. More generally, the K-theory of
an algebra is the abelian group of formal difference of idempotent matrices over it.

The K-theory of suspensions of a locally compact space lead to higher K-groups of
it. The combine datum of all these K-groups builds a ring under the cup-product. This
ring possess some important properties as Morita invariance, homotopy invariance
and an excision property. Also, the cup-product via the Bott element realizes an iso-
morphism between the K-groups of same parity, making the theory Z/27-graded. The
main early notes references are at least [Ati19], [Bot69] and [Kar78].

The aim of the Baum-Connes conjecture is to describe analytically the K-theory
group Ko (C/ (G)) of areduced C*-algebra of a locally compact group. Some introduc-
tions are given by [90], [RLL00], [HRO1] and [Weg93].

2.1 K-theory

We take X to be a compact space. Let us consider the set VB(X) of isomorphism
classes of complex vector bundles over X; it is a semi-group for the Whitney sum. We
denote by

G(X) :=Gr(VB(X))
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2.1 K-theory

the associated Grothendieck group. It corresponds to a quotient of VB(X) with respect
to the relation E ~ E' + E" if we have an exact sequence 0 — E' — E — E’ — 0 of
vector bundles over X. The group G(X) is abelian and given by the formal differences
[E] — [E'] of such vector bundles. If f: X — Y is a continuous map between compact
spaces, the pull back of any vector bundle over Y along f is a vector bundle over X.
The functor X — G(X) is then a contravariant functor from the homotopy category of
compact spaces to the category of abelian groups.

Take two compact spaces Y < X. We define the relative K-theory associated to the
pair (X, Y) as the kernel of the induced map on their Grothendieck groups

K°(X,Y) :=ker(G(X) — G(Y)).

One can thought about this group as the isomorphism classes of morphisms ¢ : E — E’
of vector bundles over X whose fibers ¢ : Ex — E’y are isomorphisms for every x € Y.

Lemma 2.1.1. When'Y is non-empty, the projectionn: X — X/Y contractingY < X to
a point{y} € X1Y realizes the isomorphismn : K°(X/Y,{y}) — K°(X,Y). In particular
when X =R" and Y = R" — {0} we get K°(S", {c0}) — K°(R",R" — {0}).

Definition 2.1.2. We define the K-theory of a locally compact space X to be the K-theory
of its one-point compactification X* = X U {oo} relatively to the point at infinity, and its
higher K-theory groups as the K-theory of its successive suspensions :

K°(X) := K°(X*,{o0}) and K~ "(X) := K°(X x R™).

The transformations X — K~ "(X) define contravariant functors from the homotopy
category of locally compact spaces to the category of abelian groups. We denote by
K(X) = ®,,50 K "(X) the direct sum of all the K-groups of X.

The purpose of this definition of K-groups using one-point compactification instead
of the naive Grothendieck group of vector bundles is to control of support at infinity.
Indeed, a complex vector bundle over a locally compact space X defines a class in
K°(X) when it is trivial out a compact subspace of X. Also, the choice of the euclidian
suspensions X x R" instead of the classical suspensions X" X in the definition of hi-
gher K-groups are equivalent because the compactification of euclidian suspension
(X x R™™ is homotopy equivalent to the suspension of its compactification =" (X ™).

Take X and Y two locally compact spaces and n, m two integers. The canonical
projections X x R” <X X x Y x R**™ ZY y x R are both continuous. The tensor
product of two given vector bundles E — X x R"” and F — Y x R" is a vector bundle
EXF:= n};(E) ® n’;(F) over X x Y x R"*™ This product of vector spaces extends to

the K-theory groups. It is called cup-product :

—U—: K"X)xK"™Y) — K""™XxY)

([EL, [FD) — [EX F] (10)
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2.2 Topological K-theory

When X =Y, the pullback of EX F along the diagonal map A : X — X x X defines
a vector bundle A*(EX F) over X x R"*™, The group K(X) is a ring for the product
[E] x [F] = A*([E]U[F]).

Fix X = R? and the trivial vector bundles E = E' = C? x R?. Take the morphism
B: E— E' whose fiber at the point (x1, x,) € R? is given by the square matrix :

1 (xl —X2

_ € M>(C
1+ [ (xp, x2)[12 (%2 xl) 2©

Bxy,x) =

The fibers are isomorphisms for any point of R2 except at (0,0) € R2. In other words,
B defines a class in relative K-theory 8 € K°(R?,R? — {(0,0)}) = K°(S?, {oo}) =~ K°(R?)
where the first isomorphism have been established in the lemma 2.1.1 and the second
follows from definition of K-groups.

Definition 2.1.3. The Bott element is the class § € K°(R?) defined above.

Theorem 2.1.4 (Bott periodicity). The cup-product by the Bott element 3 realizes the
isomorphism :
—UB:KM(X) = K M(X xR%) =: K "2(X).

In other words, K-theory is a Z/2Z-graded theory and we will mainly be interested by
the groups K°(X) and K (X) which will be called respectively even and odd K-groups.

2.2 Topological K-theory

We fix A to be a Banach algebra. We call 22(A) the space of idempotent matrices of
finite size with coefficients in A. This space stands as a non-commutative analogue
of the vector bundles over topological spaces. Indeed, if A = 6,(X) is the space of
vanishing at infinity functions over a given locally compact space, the Serre-Swan
theorem [Swa62] asserts that its idempotent matrices are in bijection with the space
of vector bundles over the compactification X+ :

VB(X") — P (6, (X)),
where we identify a vector bundle with its sections vanishing at infinity. The space of

idempotent matrices defines a semi-group for the diagonal block law.

Definition 2.2.1. We define the K-theory of A to be the Grothendieck group of homotopy
classes of idempotent matrices on A and of its suspensions :

Ko(A) :=Gr(2(A) and K,(A) := Ko(A® € (R")).

The transformations A — K, (A) define contravariant functors from the category of
algebras to the category of abelian groups. We denote by K.(A) the direct sum of all the
K-groups of A :

K.(A) = @ Kn(A).

n=0
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2.2 Topological K-theory

As before, as for the topological K-theory the algebraic K-group Ky(A) is a Grothen-
dieck group, it is given by the formal differences [e] — [¢’] of idempotent matrices over
A.

Theorem 2.2.2. The K-theory groups verify the following properties foralln =0 :

- (Non-commutative topological K-theory [Fuk66]) For any locally compact space
X, the groups K~ (X) and K, (6,(X)) are isomorphic under the identification of
a complex vector bundle with its sections vanishing at infinity.

- (Morita invariance) If A and B are two C* -algebras with Morita equivalent un-
derlying rings, then K, (A) and K,,(B) are isomorphic.

- (Homotopy invariance) If ,v : A — B are homotopic algebra homomorphism (i.e.
it exists a path of homomorphisms (f; : A — B)c0,1) joining ¢ with ¢ depending
continuously on the parameter), then K, (¢) = K, (y).

There is also a notion of cup product at the level of algebraic K-theory. Take two
Banach algebras A and B and n, m two integers. The Kronecker product of an idem-
potent matrix e over A ® 6,(R") with an idempotent matrix f over B ® 6,(R") is a
matrix e® f over A® B® %(R"*"™) which is again idempotent. The Kronecker product
then extends at the level of K-group, it is called cup-product :

—U—: Kp(A)xKpn(B) — Kpim(A®B)

(elIf)  —  [esf] (an

Theorem 2.2.3 (Algebraic Bott periodicity). For any Banach algebra A, the cup product
by the Bott element B € K°(R?) =~ K°(%6,(R?)) realizes an isomorphism in algebraic
K-theory :

—UB: Ky(A) — Kn(A® 6o (R) =: Kns2(A)

Remark The algebraic Bott element 8 = [e] — [e'] € Ky(6,(R?)) defined in 2.1.3 is
represented by a difference of idempotent matrices e, e’ € M, (6, (R?)). Identifying R?
with C, these matrices are defined by the following forany z€ C:

1 z i~ [0 0
—(Z |Z|2) and e(z)—(o 1).

We will mainly be interested by the two first algebraic K-groups Ky(A) and K; (A).
Despite the formal definition of K; (A) in terms of idempotent matrices over the first
suspension algebra, the group possesses another equivalent description when A is
unitary. Two invertible matrices of any size u, v € GLy(A) are said to be homoto-
pic, and we note u ~ v, if there exists a path connecting them up to top-left corner
GL,(A) € GL;+1(A) inclusions. The group K; (A) becomes the space of invertible ma-
trices of any dimension over A modulo homotopy.

Let us compute some classical examples. When A = C, Ky (C) is the Grothendieck

group of the space of idempotent matrices over C. We can associate to any idempotent
matrix its rank, which is an integer, and extend it up to an isomorphism Ky, (C) = Z.
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2.2 Topological K-theory

Also, as all the spaces GL,(C) are connected, every invertible matrix define the same
classin K7 (C) =0.

The case of compact operators over a infinite dimensional Hilbert space A = % (H)
can be deduced from the fact that £ (H) is Morita equivalent to C, and then possesses
the same K-theory groups Ko(% (H)) = Z and K; (£ (H)) = 0 due to theorem 2.2.2.
Another way to compute K-theory group is provided by the excision property as
follows.

Theorem 2.2.4 (Excision). [HR01] From an extension of algebras0 — ] — A L AIJ—0
there exists two maps 0y : K1 (Al]) — Ko(J) and 0, : Ko(Al]) — K1 (J) which make the
following six-term sequence exact :

Ko(J) —— Ko(A) —— Ko(A/))

of o

Ki(Al)) «— Ki(A) <— Ki())

Here is a example of use of the excision property. The Toeplitz algebra is the univer-
sal C*-algebra generated by a partial isometry, it fits into the long exact sequence

0— H(2(N) — I —€(SH — 0.

We computed before the K-theory groups of £ (H) and we can check that K; (€/(S ) =
K'(S') = Z for i = 0,1. In this case, the boundary map 9, is an isomorphism, which
yields, by the excision theorem above, the descriptions Ky(9 ) = Z and K;(9) =0.

The fact that K-theory groups preserve homotopy equivalences, Morita equivalences
and possess the excision property makes naturally the K-theory as a Z/27-graded
theory [CQ95]. The parity isomorphism being given by the cup-product with respect
to the Bott element as seen above.

2.2.1 The dual Dirac element

There exists an element generalizing the Bott element for other class of algebras than
the functions vanishing at infinity.

Definition 2.2.5. Given a real vector space V and a quadratic form Q : V — C, the
Clifford algebra of V with respect to Q is defined as :

Cliff(V,Q) :=TV/{(vev—-Q)1,ve V)

where TV denotes the tensor algebra of V with an adjointed unit.

The Clifford algebra verifies the property that, given a unital algebra A, any linear
map ®: V — A verifying ®(v)? = Q(v)1, extends to a morphism of unital algebras

Cliff(®) : Cliff(V, Q) — A. (12)
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2.2 Topological K-theory

The main example of Clifford algebra arises when V' is endowed with a scalar product
(,). In that case we write Cliff(V) = Cliff(V, | - |?) and Cliffc (V) for its complexification.
Write € for the grading automorphism of Cliff(V') which is the identity on its even part
and minus the identity on its odd part.

Lemma 2.2.6. For any real vector space V, the following algebra homomorphism is
stable under isometries and homotopic to the identity :

0: € (V,Cliffc (V) ® €°(V,Cliffc (V) — €V, Cliffc (V) ® €°(V, Cliffc (V)
a®b — (x,7)— b(x)®e(al-y)) '

Démonstration. Consider the description
€:°(V, Cliffc (V) @, €:2°(V, Cliffc (V) = €:°(V x V, Cliffc (V @ V).

The following smooth family of diffeomorphisms joins the map (x, y) — (-, x) to the
identity

h;:VxV—VxV, (v,v)— (cos(t)v+sin(t) v/, —sin(t)v+cos()v'), 0 < t < 7/2.
Also the smooth homotopy of linear isometries
h,:VeV-—VeV, (vv)— (cos(t)v+sin(t) v/, —sin(t) v+ cos(r)v), 0< t < 7/2

induce a smooth homotopy of algebra automorphisms ®; : Cliffc (Ve V) — Cliffc (Ve
V) such that ®y = id and @, (a® b) = b® €(a). The composition f— ®;00(f)oh;, 0 <
t < 7 provides the expected smooth homotopy. O

Let M be an n-dimensional Riemannian manifold. Through the isomorphism
T M = T} M, the cotangent spaces are equipped with a natural scalar product induced
by the metric on the manifold. The associated Clifford algebra Cliffc (T* M) defines a
vector bundle called Clifford cotangent bundle over M whose fiber at each point are
Cliffe (T M).

Definition 2.2.7. The smooth Clifford module associated to the Riemannian manifold
M is defined to be the space of smooth sections with compact support of the Clifford
cotangent bundle

€ (M) := T (M, Cliffc (T™ M)).

Its Clifford module is the C* -algebraic closure of €°° (M), and can be identified with
the space of sections vanishing at infinity of the Clifford cotangent bundle €; (M) :=
[o(M, Cliffc (T* M)).

Suppose that exp : TxyM — M is a diffeomorphism for any x € M and fix x € M. The
Riemann connection allows to identify all tangent spaces T; M with T} M by parallel
transport along the geodesics exp(R-exp™! (). This identifications are isometric and
give rise to an isomorphism of locally convex algebras :

G (M) = 6o(Ty M, Cliffc (T} M)).
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Take v : R — R a smooth function which is equal to one on ] — oo, %] and equal to zero
on [1,o00[ and put (&) = v(lI€])) for all ¢ € TX M. We define two smooth maps

eo, e1: Ty M — M,(Cliffc (T M)

by the formulas

_ 1 x(©)? x(ff)-C(E)) _(0 0)
@)= T IEE y©-c©  pg2 ) wda={g )

The endomorphisms ey (<) and e; (¢) are idempotent and ey —e; is compactly supported
in the unit disk of T;‘ M due to the definition of v, hence extends to a difference of
idempotent matrices over €;°(M) € 6€;(M).

Proposition 2.2.8. Suppose exp : TyM — M is a diffeomorphism for any x € M.
Then fori =0,1, the following morphisms of algebras are stable under isometries and
homotopy equivalent :

(ej®id), (id® e;): Ma(E;° (M) — Ma(€;° (M) ® Ma (617 (M)).

Démonstration. A direct computation shows that for any ¢ € T} M and i = 0,1 we have
e(ej(—¢&)) = ei(&). In other words, (e;®id) = ©o(id ® e;) where O is the morphism of the
lemma 2.2.6 applied to V = T} M. Since O is stable under isometries and homotopy
equivalent to the identity, the assertion follows. O

Definition 2.2.9. Supposeexp: T,yM — M is a diffeomorphism for any x € M. The
generalized Bott element or dual Dirac element is the class

B = leo] — [e1] € Ko (€7 (M)

represented by the difference of the idempotent matrices ey and e, over € (M) defined
above.

If M = R? the algebra %, (R?) is Morita equivalent to the algebra €, (R?) and the dual
Dirac element coincide with the Bott element.

2.3 K-theory of reduced group C*-algebras

Now, we fix G to be a locally compact group and A = C} (G) be its reduced group C*-
algebra. The computation of the K-groups of C} (G) is one of the key motivation the
Baum-Connes conjecture [PV81]. Partial answers have been provided from different
frameworks and for different cases.

- When G is trivial, C} (G) = C and we know Ky(C) =~ Z and K; (C) = 0;

- When G = Z/2Z, the reduced C*-algebra C}(Z/2Z7) is nothing other that the
space of vanishing at infinity function over the Pontryagin duals of Z/2Z, which
is Z/2Z itself: C}(Z/2Z) = 6,(Z127) = C & C. The K-theory of such a C*-algebra
is Ko(Cr(Z122)) = Ko(C) ® Ko(C) = Z & Z, while K; (C}(Z/27)) = 0.
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2.4 Equivariant K-theory

- More generally when G is finite, we have Ky(C}(G)) = Z™ and K;(C}(G)) =0,
where m denotes the number of conjugacy classes of the group, which is also
the number of equivalent classes of its unitary irreducible representations;

- When G is abelian, we saw that C} (G) is isomorphic to c60((/}\) via Fourier trans-
form, which induces the descriptions Ky (C* (G)) = K°(G) and K, (C*(G)) = K'(G);

- When G is compact, the Peter-Weyl theorem states that we can decompose the
reduced C*-algebra of the group as a direct sum of matrix spaces [PW27] :

Cr (G = @ #4,(C)
(n1eG

where d;; is the dimension of the representation 7. As each summand .4 (C) is
Morita equivalent to C whose K-groups are Ky (C) = Z and K;(C) =0, we get the
following.

Theorem 2.3.1 (Peter-Weyl). Ko(C}(G) =@ ;g Z = R(G) and K1 (CF(G)) = 0.

2.4 Equivariant K-theory

We saw that K-theory provides a geometric tool via the study of vector bundles. It
generalizes well to an equivariant setting. An introduction to G-equivariant K-theory
is given by [Seg68]. We fix a compact Lie group G.

Let X be a compact space on which G acts continuously. A G-equivariant vector
bundle (or G-vector bundle) is a complex vector bundle p : E — X such that the total
space E is endowed with a continuous action of G, the map p is equivariant, and the
translation on the fibers g : Ex — Eg,x is an isomorphism of complex vector spaces for
all g € G. The set of G-equivariant vector bundles V B;(X) is a semi-group with respect
to the Whitney sum. We call G-equivariant K-theory of the space X, the Grothendieck
group associated to it :

KQ(X) := Gr(VBg(X)).

It is an abelian group generated by the formal differences [E] — [F] of G-vector bundles
over X. As for K-theory, it defines a contravariant functor from the homotopy cate-
gory of compact G-spaces to the category of abelian groups. We define the higher
equivariant K-theory to be the equivariant K-groups of its successive suspensions :

KZ"(X) := K2 (2" X).

When the group is trivial, we recover the classical K-theory K" (X) we defined in §2.
Also, it is clear that the cup-product defined above preserves the different group action
and then descends to equivariant K-theory. In particular, the euclidian space R? is
endowed with the trivial action of any compact Lie group G, thus the Bott element
2.1.3 again realizes a Bott periodicity.

Theorem 2.4.1 (Equivariant Bott periodicity). The Bott element $ € K°(R?) defined in
2.1.3 descends to a class in the G-equivariant K-theory of R? for the trivial action. Its
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2.4 Equivariant K-theory

cup-product realizes for every compact Lie group G the isomorphism :
Bu—:K;"(X) — K;"2(X).

The equivariant K-theory is Z/2Z-graded and we will call even and odd equivariant
K-theory the groups Kg (X) and Ké (X) respectively. One of the most important state-
ment for equivariant K-theory is the Green-Julg theorem [EM09] which asserts that
we can express equivariant K-theory in terms of crossed product algebras. The main
statement happens in Kasparov KK-theory (see 6.1.1).

Theorem 2.4.2 (Green-Julg). When (A, K, a) is a C* -dynamical system with A unitary
and K compact, we can compute equivariant K-theory using crossed product algebra :

KX (A) = Ki (A% K).
Proposition 2.4.3. When G is a compact Lie group R(G) = Kg( pt).

Démonstration. When G is compact, we already know that the representation ring
R(G) is isomorphic to Ky(C*(G)) due to theorem 2.3.1. But the C*-algebra C*(G) is
nothing other than the crossed product associated to the trivial dynamical system
(C, G, id), thus Ko (C*(G)) = Ko(C % ;4 G). Since the algebra C can be viewed as the set of
functions over a point, the Green-Julg theorem 2.4.2 finally gives Ky(C X ;4 G) = Kg (pt).
Composing the isomorphisms ends up the proof. O

Proposition 2.4.4. When G is a compact Lie group and H a closed subgroup R(H) =
K2(G/H).

Démonstration. As before, since H is compact R(H) = Ky(C* (H)) by the Peter-Weyl
theorem 2.3.1. Also, the Green’s imprimitivity theorem without coefficients (9) yields
the isomorphism Ky(C* (H)) = Ky(€(G/ H) x;; G) where the subscript /¢ denotes the
left translation action of G on G/ H. Finally, the Green-Julg theorem 2.4.2 establishes
that Ko(6(G/H) x;;G) = Kg(G/ H). Composing all these identifications ends up the
proof. O

The isomorphism R(H) = Kg(G/ H) above associates to any irreducible representa-
tion (7, V) € R(H) the class in [ig(n, V)le Kg(G/ H) represented by the homogeneous
G-vector bundle over G/ H :

i%m,V):GxyV— GIH, (g,v)— gH. (13)

It can be thought as an induction functor since the section of the vector space we
obtain correspond to the underlying space of the induced representation F(ig(n, V)) =
Ind$(V).

Proposition 2.4.5. When a compact group G acts freely and properly on a compact
space X via a continuous action K;(X) = K'(X/G).
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2.4 Equivariant K-theory

Démonstration. We write « for the continuous action of G on X. The theorem 2.4.2
enables us to write the isomorphism Ké (X) = K; (€6 (X) x4 G). Now, due to the Morita
equivalence (theorem 1.2.4) yields K; (€ (X) x4 G) = K; (¢ (X/G)) because the action
is free and proper. The orbit space X/G is again compact, hence we can express
the algebraic K-theory of its algebra of continuous functions as its topological K-
theory : K;(€(X/G)) = K(X/G). Composing these identifications, yields the expected
isomorphism. 0

The equivariant theory provides a tool to compute homological invariants of geo-
metric crossed product algebras, lying between representation theory and classical
geometry.
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This chapter establishes the analytic tools needed to connect geometry and ope-
rator algebras. Bott showed in [Bot65] that if K is a compact group, every irreducible
representation, viewed as a generator of the representation ring Rep(K), is the index
of a Dirac operator. Atiyah and Schmid [AS77] showed that every discrete series re-
presentation of a connected semisimple group with finite center is also the index of a
Dirac operator. In other words, these operators play a central role in this theory. They
provide canonical representatives of K-homology and their product realize interesting
isomorphisms.

3.1 Index theory
3.1.1 The analytic index

We fix H to be a Hilbert space. A bounded linear operator over H is said to be
compact if is it a limit of finite rank operators, and Fredholm if both its kernel and
cokernel are finite dimensional. We write Z (H) for the bounded operators over H,
A (H) for the compact operators and % (H) for the Fredholm operators.

Definition 3.1.1. IfF € & (H) is Fredholm, we call the following integer its Fredholm
index (or analytic index) :

Ind(F) := dim(ker(7T)) — dim(coker(T)) € Z.

Theorem 3.1.2 (Atkinson’s). A bounded operator F is Fredholm if and only if it exists
bounded operators S, R such that SF — 1 and FR — 1 are both compact. In other words,
an operator is Fredholm if and only if it is invertible modulo compact operators.
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3.1 Index theory

Intuitively, Fredholm operators are those operators that are invertible if finite-dimensional
effects are ignored. They appear naturally in physics in equations involving elliptic
operators.

3.1.2 Sobolev’s spaces

The main examples of Fredholm operators arise from differential geometry. In order
to introduce them, we need to recall some facts about Sobolev spaces. Fix s = 0.

Definition 3.1.3. Define the s-th Sobolev space 7 5)(R") associated to R" as the com-
pletion of the algebra €°(R") of smooth functions with compact support over R" with
respect to the norm

2 . 2

aeN”
lalss

It can be thought as the vector space of square-integrable functions on R" whose all
partial derivatives of order smaller than s are also square-integrable. We write H_ g (R")
for the dual vector space of H(5 (R™).

When M is a compact manifold, there exists a finite partition of unity {y;} subordi-
nate to a local coordinate chart, which is that any function f € €:°(M) can be written
asasum f =Y ; xif where each y; f is a function on R". Then the s-th Sobolev space of
M is the vector space of square-integrable functions on M whose all partial derivatives
relative this frame that are of order smaller than s are also square-integrable. In other
words, A5 (M) is the completion of €:° (M) with respect to the norm

1£1:= 31 flls)-

This construction is independent of the choice of the subordinate partition of unity
because two different choices of partition of unity define the same Hilbert space
JE5(M). Moreover, if M = U0 K, is the union of countably many increasing compact
manifolds, its s-th Sobolev space is defined as the inductive limit of the Sobolev spaces
associated to the compact submanifolds :

In other words, a square integrable function f defined on M ={J,,>¢ K, belongs to the
Sobolev space #(5) (M) if and only if it exists n = 0 such that the support of f lies in
K, and f € A (K,). In order to compare Sobolev spaces of different orders, we need
to introduce the notion of p-summable operators.

Definition 3.1.4. Fix a real number p = 1. A linear operator T : # — ' between two
Hilbert spaces is called p-summable if it possesses a bounded p-th Schatten norm

1/
1Tl =T (VTFT ")
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3.1 Index theory

The p-th Schatten space (P (F€, #") is the vector space of p-summable operators from
S and F'.

If an operator T : # — /' is compact its square root operator v T* T possesses a
finite number of eigenvalues, hence compact operators are p-summable for any p > 1.
This statement realizes the p-th Schatten spaces as ideals ¢P (A, #') € K (H, #") of
the space of compact operators for any p > 1. These ideals are important because they
refine the notion of compactness of an operator. The following theorem states that
the inclusion of a Sobolev into its predecessor is bounded for a great enough Schatten
norm, and in particular compact.

Theorem 3.1.5 (Rellich’s lemma). Let M be a compact Riemann-manifold. The cano-
nical inclusion
L H ) (M) — Hs—1) (M)

is bounded for the p-Schatten norm when p > dim(M), i.e. 1 € €7 (H5 (M), #(s-1)(M)).

3.1.3 Elliptic operators

Consider a non-necessarily compact manifold M and a vector bundle E — M of
rank n over it. Around any point x € M, it exists a local coordinate system (x,---, Xj,)
and a local frame (s1,---,s,) such that any section s € I'*°(M, E) can be written as
s(x) = Z?:l fi(xj)sj(x;) for some f; € €°°(M).

Definition 3.1.6. A differential operator of order m acting on the smooth sections
of E — M is a linear map D : I'°(M,E) — T'°(M, E) which, in local coordinate
(x1,:++,Xxn) and in local frame (sy,---,s,) around a point x € M, can be written as
a sum of partial derivatives :

n 0|“|fj
(D9i) = ), Y 8100 g s

lal=m j=1
where s(x) = Z;‘zl fi(xj)sj(x;) eI'°(M,E) and gl?fj € €™ (M).

If f € 7#1)(M), then by definition d f € £?(M) = 76 (M). In other words, the product
by the differential operator d of order 1 decreases the order of the Sobolev space
by 1. More generally, if f € A5 (M) and D is differential operator of order m, then
Df € #s—m)(M). The Sobolev’s lemma states that this multiplication by a differential
operator is always bounded.

Theorem 3.1.7 (Sobolev’s lemma). Let M be a Riemann-manifold and D be a differen-
tial operator of order m. Then the multiplication with D is bounded :

Ty (M) 2o sy (M.

Let D is a differential operator acting on a vector bundle E — M. Denote by p(f) the
pointwise multiplication by a smooth function f € €°(M) on I'°(M, E). It is natural
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3.2 K-homology

to consider the multiplication operator [D, p(f)] : T*°(M, E) — I'°(M, E). When f is
compactly supported, this operator is bounded [HR01][p.274]. The principal symbol
of D is the linear map op : T*M — End(E) defined as the highest homogeneous
component of D, which is the action of T* M on E making any cotangent vector of the
form (x,d f) € T} M act pointwise via the associated multiplication operator

op(x,df)(s(x) =D, p(f)s)(x)
forxe M, f € €°(M) and se [*°(M, E).

Definition 3.1.8. An elliptic operator is a differential operator P whose symbol is
invertible. It is equivalent to ask P to be invertible modulo lower order operators, i.e.
that it exists S and S' two operators such that the order of SP— 1 and TS' — 1 are strictly
smaller than the order of P.

Theorem 3.1.9. An elliptic operator P over a compact manifold is always Fredholm.
Furthermore
ker(P) € #*(M, E) and coker(P) € £*(M, E)

consist only on smooth sections of E.

This theorem follows from Rellich’s and Sobolev’s arguments. It relates the study of
elliptic operators over a manifold with the comprehension of the Fredholm operators
over the Hilbert space of its square-integrable functions. When the manifold is not
compact, its elliptic operators aren’'t necessarily Fredholm. In 1963, M. Atiyah and I.
Stinger proved that the analytic index of an elliptic operator coincide with its fopologi-
cal index defined using differential geometric tools such as Todd and Chern classes
[AS63].

3.2 K-homology

Definition 3.2.1. A Fredholm module over a complete locally convex algebra A is a pair
(p,F) wherep: A— £(H) is a bounded representation, and F a bounded self-adjoint
operator on H verifying

p(a)(F*—1) e % (H) and p(a)F — Fp(a) € % (H) forall a€ A.

We will be mainly interested on the cases where A is a space of functions on an open
manifold.

The terminology Fredholm module arises from the fact that when A = C or the un-
derlying space is a point, Fredholm modules are exactly given by pairs where F is a
Fredholm operator. In other words, Fredholm modules stand as a generalization of
the usual notion of Fredholmness. Sometimes, one ask the operators p(a) (F?2-1) and
p(a)F —Fp(a) to be not only compact but to lie in a certain operator ideal, for instance
the p-th Schatten ideal £” (H) defined in 3.1.4. In that case, we talk about p-summable
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3.2 K-homology

Fredholm modules.

A Fredholm module (p, F) over a Z/27-graded algebra is called even if the underlying
Hilbert space decomposes as H = H; @ H_, p is degree preserving and F is odd. It is
said to be odd is H is ungraded.

Example(s) - Consider the algebra A = €(S') of continuous functions on the
circle. The Hilbert space H = £2(S!) is naturally equipped with the bounded
representation p of €(S') given by the pointwise multiplication. We define the
operator F on the trigonometric basis (e2imn0) - to be F(e270) = |p| . ¢2i710
It may be thought as the phase of the differential operator D = —i d%. The pair
(p, F) is an odd Fredholm module of € (S?).

- Take M to be a non-necessarily compact manifold and P a self-adjoint ellp-
tic operator of order 1 over M associated to a vector bundle E — M. The Hil-
bert space of square-integrable sections H = %?%(M, E) inherits from the x-
representation p of 6,(M) given by pointwise multiplication. Consider the ope-
rator F = P(1+ P?)7V2 € 2 (H). For all f € 6,(M), p(f)(F? - 1) is compact as
product of compact operators (f vanishes at infinity) and p(f)F — Fp(f) is com-
pact as a pseudo-differential elliptic operator of order -1. The pair

P
V1+ P2

thus defines an odd Fredholm module over 6, (M).

p = pointwise mult., F = (15)

Two Fredholm modules (p, F) and (p’, F') are said to be operator homotopic if
p = p' and there exists a norm continuous path (F;)e[0,1] connecting F to F’ such
that (p, F;) is a Fredholm module for all ¢ € [0, 1]. If the commutator p(a)F — Fp(a) =
0 and p(a)F? = p(a) for all a € A, we say that that the Fredholm module (p, F) is
degenerate. Finally, (p, F) and (p’, F') are equivalent if there exists two degenerated
Fredholm modules (pg, Fy) and (p1, F1) such that (p, F) @ (po, Fo) is operator homotopic
to (o', F") @ (p1, F1).

Definition 3.2.2. The K-homology groups of a C* -algebra A are the abelian groups
K°(A) and K'(A)

of equivalence classes of Fredholm modules over A that are even and odd respectively.
When A = 6y(X) is the algebra of functions vanishing at infinity over a locally compact
space X, we denote the K-homology of X as

Ko(X) = K%(6p(X)) and K (X) = K (6, (X)).

The K-homology groups of a manifold can be described via the elliptic operators over
it. It is a theorem of M. Atiyah, I. Singer and G. Kasparov.

Theorem 3.2.3. [Kas75] Let M be a second countable manifold. The set of homotopy
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3.3 Equivariant K-homology

classes of elliptic operators on M generates the K-homology of M via the construction of
(15):
Ell(M) /homotopy — K.(M).

It is a bijection at the level of properly supported and essentially self-adjoined elliptic
operators.

The transformations X — K;,,(X) define for m = 0,1 covariant functors from the
homotopy category of locally compact spaces to the category of abelian groups. Howe-
ver, the direct sum K. (X) = Ky(X) @ K; (X) doesn’t inherit of a ring structure contrary
to K*(X) but is a module over it. Indeed, given classes [E] € K~ "*(X) (i.e. a vector
bundle E — X x R" trivialized around the infinity) and [P] € K;,(X) (i.e. an elliptic
operator over X associated to a vector bundle S — X), one can choose a connec-
tion on E and build the twisted elliptic operator Pg on X whose principal symbol is
0(Pg) =0(P)®idg acting on S ® E. It represents a class K, ,(X) that depends only
on E and P modulo homotopy. It defines a linear map called cap-product :

-n-: K"X)xKp(X) — Kn+m(X)
([EL, [P]) — [EIN[P]:=[Pg]

The cap-product and cup-product are related by the identity (o n¢) = (p Uv)(0),
making the K-homology vector space K.(X) a module over the K-theory ring K* (X).

3.3 Equivariant K-homology

Let X be alocally compact space, endowed now with a proper action of a second
countable locally compact group G. This section proposes an analytic model for
equivariant K-homology which is inspired from the references [Val02] and [HRO1].

Definition 3.3.1. A G-equivariant Fredholm module over a complete locally convex
G-algebra A is a triplet (p, F,U) where (p, F) is a Fredholm module over A on some
Hilbert space H, and U : G — U (H) is a unitary representation such that forany g€ G
anda€ A

UgF =FUg and Ugp(@)Ug"' = p(g- a).

A G-equivariant Fredholm module (p, F, U) is even if (p, F) itself even and the unitary
representation of G is degree preserving. The G-equivariant Fredholm module is said
to be odd when H is ungraded.

Two G-equivariant Fredholm modules (p, F, U) and (o', F/, U) are said to be operator
homotopic if p = p/, U = U’ and if there exists a norm continuous path (F)eo 1]
connecting F to F' such that for each € [0,1] and g € G, UgF; = F;Ug. Equivalence
of G-equivariant Fredholm modules is analogous to the one of classical Fredhom
modules according to this notion of homotopy.
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3.3 Equivariant K-homology

Definition 3.3.2. We call G-equivariant K-homology of a complete locally convex
algebra A, the abelian groups

K2 (A) and KL(A)

of equivalence classes of G-equivariant Fredholm module over A that are even and
odd respectively. When A = 6y(X) is the algebra of functions vanishing at infinity on a
locally compact space X, we will write

K& (X) = K3(6o(X)) and K (X) = K:(6o(X))

for the G-equivariant K-homology of X. Finally, when G = {1} is the trivial group, we
recover the K-homology K{},(A) = K™ (A) of the algebra.

As for K-homology, its equivariant version defines a covariant functor X — K,%(X ) for
m =0, 1 from the homotopy category of locally compact G-spaces to the category of
abelian groups. The cap-product descends at the level of G-equivariant K-homology
and G-equivariant K-theory, which is that the following linear map is well-defined :
~n—:K;"(X) x K9 (X) — KS

n+m

X,

making K (X) as a module over the ring K¢ (X). As for the Poincaré duality, the cap-
product via a well-chosen class might realize a link between these two dual theories.
This class is the G-equivariant Dirac element.

3.3.1 The Dirac element

Fix a complete Riemannian-manifold M and a locally compact group G acting
smoothly on M preserving the metric. We define on the space of compactly suppor-
ted differential forms Q (M) the norm given by the integration with respect to the
Riemannian volume form of M

2. _ 2
lwll .—f lw||1“dvoly.
M

We write # = £%(Q}(M)) for the completion of Q¥ (M) with respect to this norm.
The group G acts isometrically on it because the fixed metric on M is G-invariant. The
Hodge operator

d+d*:Q (M) — QX (M)

is a differential operator acting on the sections of the vector bundle E = A T* M.
The square of its symbol 0 4, 4« : T*M — End (\ T* M) is equal to the symbol of the
De Rham-Laplace operator A = (d + d*)? = dd* + d*d, which is 0 g, 4+ (x,&) (w)? =
oa(x, &) (w) = —||€]|? - w. By universal property of the Clifford algebra (12), the symbol
0 4+q* extends to a morphism of algebras we denote X : Cliff(T* M) — End (\ T* M).
Passing to the sections, it induces an action of the algebra of Clifford bundle sec-
tions vanishing at infinity €;(M) = To(M, Cliff(T* M)) (see definition 2.2.7) on the
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3.3 Equivariant K-homology

differential forms Q} (M). This action, called Clifford multiplication, extends as a
representation of €; (M) on £?(Q} (M)) :

Pd+ar : € (M) — End(L*( Q) (M) (16)

Since the complex function f(z) = z(1 + z>)~!/2 is holomorphic and bounded on an

horizontal strip near to the real line R c C, the linear operator
F:=(d+d")A+A) 12 L2QF (M) — L2(QF (M) (17)

is bounded and pseudo-differential of order 0. Finally, since G preserves the metric of
the manifold, it is clear that the induced action

U:G— End(£*(Q} (M) (18)

verifies UgF = FUL;1 and Ugp(s)Ug = p(g- s) for any g € G and s € €;(M). If the mani-
fold is even dimensional, E = A\ T* M splits into even and odd parts, the representation
Pa4+q* and the unitary action U are degree preserving while the operator bounded F
is odd. When M is odd-dimensional, the vector bundle E doesn’t split.

Theorem 3.3.3. Ifa locally compact group G acts smoothly on a complete Riemannian-
manifold M preserving the metric, the following tuple is a G-equivariant Fredholm
module over the Clifford algebra €, (M)

d+d*

¢ — o 2 * =
a:=|H =L Q (M), pavar, F=

In particular, it represents a class a €
element.

KS o (MD) = K3 (g, (M)) that we call Dirac

Theorem 3.3.4 (Kasparov-Poincaré duality). The product by the Dirac element a €

Kgm( M) realizes the following isomorphism of abelian groups :
—na: K(_}n(M) — Krf+dim(M) (M).
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Over the past few decades, the language of homological algebra has increasingly
become central to the study of algebraic and geometric structures, particularly in
contexts where traditional tools of commutative geometry are no longer available.
One of the most fruitful developments in this direction has been the emergence of cy-
clic homology, a theory that arose at the intersection of algebra, topology, and analysis,
and has proven to be a key component in the framework of noncommutative geometry.

The origins of cyclic homology lie in the earlier theory of Hochschild homology,
introduced to capture the failure of commutativity in associative algebras. Beyond this
formal role, Hochschild homology gained a deeper geometric interpretation thanks
to the Hochschild-Kostant-Rosenberg theorem, which identifies the Hochschild ho-
mology of a smooth commutative algebra with the space of differential forms. This
result revealed that the Hochschild complex could serve as a noncommutative model
for differential geometry, laying the groundwork for algebraic approaches to smooth
manifolds.

Cyclic homology, initially defined by A. Connes in the early 1980’s, defines a refine-
ment of the Hochschild homology. It introduces additional structure into the Hoch-
schild complex, either via the cyclic operator or through the bicomplex constructed
with the boundary operator introduced earlier by Rinehart. A particularly compelling
aspect of cyclic homology is its interaction with K-theory. While algebraic K-groups
are notoriously difficult to compute, they admit a canonical map, the Chern character,
into the periodic cyclic homology which satisfies crucial properties such as Morita
invariance, excision, and homotopy invariance. This map preserves much of the rich
structure of the K-theory and facilitates computations by passing into a more acces-
sible homological setting. In this sense, cyclic homology serves not only as a tool of
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4.1 Hochschild (co)homology

intrinsic interest, but also as a crucial bridge between non-commutative algebra and
topology.

4.1 Hochschild (co)homology

The Hochschild homology arose naturally in the algebraic theory as a machine to
compute the default of commutativity of an algebra, and more generally of bimodule
over it. This homology defines a non-commutative generalization of the notion of dif-
ferential forms. This analogy is known as the Hochschild-Kostant-Rosenberg theorem
and propelled the domain of non-commutative Geometry in the early 60’s. A complete
introduction is given in [Lod92].

Given two Fréchet vector spaces E and F, their projective tensor product [Gro54]
denoted E ® F is given by the completion of E ®¢ F with respect to the largest semi-
norm such that [[e® f|| = |lell - [ fIl. Given two compact manifolds M and N, the
projective tensor product is the tensor product which realizes the identity

EC°(M) ®; €°(N) =€°(M x N).

We fix A to be a complex Fréchet algebra. Let us consider C,,(A) := A®"" @ A®7"1 It
corresponds to the space of differential forms Q" A under the identifications

a®---®a,—day---day ag®---®a, — apgda; ---day,.

We define the operator b := Z:?ZO(—I)idi :Cy(A) — Cp_q1(A) with

apa; ® a® -+ ay i=0
di(ag®---®ay) =% ay®---®a;a;-1®---Q®a, 0<i<n (19)
a,ap®a; ® -+ ® dy_1 i=n

This operator verifies the relation bo b = 0.

Definition 4.1.1. The Hochschild homology of A is the homology of the complex C, (A)
equipped with the differential b :

HH,(A) := Hi(Cx(A), D).

The Hochschild homology groups are natural and functorial for the variable. They
compute the default of commutativity of an algebra. In small degree, H Hy(A) corres-
ponds to the quotient of A by the space of commutators HHy(A) = A/[A, A]. More
generally, the Hochschild homology is the derived functor of the left-exact functor
A— Al[A, Al = A® 4 Awhere A®:= A® A°P. In other words :

HH, (A) = Tor’" (4, A).

This point of view allows us to compute this homology using different complexes.
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4.2 Cyclic (co)homology

Whenever P, (A) is a projective resolution of A as a bimodule over itself, i.e. a left
A°-module, one can compute its Hochschild homology as HHy (A) = Hy (A® ge P4 (A))
and the result doesn’t depend on the resolution. The canonical example of projective
(free) resolution is the bar complex cgar(A) := A®"*1 with differential map

b :=b+(-1)""1d, : C°¥(A) — CO¥, (A). (20)

When A = €°°(M) is the algebra of smooth functions over a compact manifold, the as-
sociated bar complex can be described in terms of differential forms on the manifold.
This yields to the following.

Theorem 4.1.2. (Hochschild-Kostant-Rosenberg’s theorem [HKR09])
Let M be a compact manifold. The Hochschild homology of €°° (M) is isomorphic to
the graded-algebra of differential forms over M

HH,(€%°(M)) =~ Q*(M).
Furthermore, the isomorphism is given by the anti-symmetrization map

€ fo®® fur fodfi--dfp. @1)

The meaning of this result is that the functor of smooth functions from differentiable
manifolds to commutative algebras doesn’'t loose any cohomological information.
This is the main idea behind Non-Commutative Geometry and the earlier works of A.
Connes and B. Tsygan.

Definition 4.1.3. We call the Hochschild cohomology of A the homology of the complex
C*(A) = Hom 4¢(CY¥(A), A) equipped with the dual differential b¥ := (-1)"(-o b') :
C"(A) — C"1(A) (see (20) :

HH*(A):= H*(C*(A),b").

This cohomology is functorial and natural as the Hochschild homology. It also com-
putes the default of commutativity as in small degree since HH®(A) coincide with ZA,
the center of A. More generally, this cohomology is the derived functor of the right
exact functor A— ZA= Home(A, A) :

HH*(A) = Ext}je (A, A).

Then for any projective resolution P, (A) of A as a bimodule over itself, HH* (A) can
be computed as the cohomology groups of Hom 4¢ (P4 (A), A).

4.2 Cyclic (co)homology

In 1963, G. Rinehart proposed a way to compute cyclic homology as a generalization
of the De Rham cohomology, fitting with the Hochschild-Kostant-Rosenberg theorem
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4.2 Cyclic (co)homology

above. He defined an operator B on the Hochschild complex whose aim is to play the
role of the De Rham differential in a non-commutative framework. The juxtaposition
of the differentials b and B gives naturally rise to the study of a bicomplex called 28, (A)
whose total homology is called cyclic homology and computes a non-commutative De
Rham cohomology.

We fix A to be a unital complex Fréchet algebra. We define the cyclic operator
t:Cy(A) — Cy(A) and the norm operator N : C,(A) — C,(A) as:

tHay®---®a,;) = (D"a,®a9® - ®ad;_1

_ and N:=1+¢+---+1".
ta®--®ay) D" 1110a,9a,9 - ®a,_;

These operators verify the identities bN = Nb' and b(1 - t) = (1 — t)b’, where b and b’
are defined in (19) and (20). The following is then well-defined.

Definition 4.2.1. We call cyclic homology of A and we write HC, (A) for the homology
of the total complex of :

b -b' b -v
~ ~ ~ ~
A®3 {1_[ A®3 ] N A®3 <l_t A®3 I N
— g g
CL*(A)_ b\/ b\/ b\/ b\/
1-t¢ N 1-t N
A®2 ¢ A®2 ¢ A®2 y A@Z ¢
b -0 b -b
~ - ~ N ~ - ~ N
A < A < A < A <

As for the Hochschild homology, these groups are stable under algebraic transforma-
tions. Any algebra homomorphism f: A — A’ induces a linear map fi : HC«(A) —
HC, (A"). In small degree, HCy(A) is the quotient of A by the image of b: A®?> — A and
the image of 1 — #: A — A. The cyclic operator ¢ is trivial in zeroth degree and then
HCy(A) = A/[A, Al = HHy(A). We define the extra degeneracy s: C,,(A) — C,+1(A) via

s(apg®---®ay) =140a9® - ® ay,.

This operator defines a contracting homotopy of (C2¥(A), b'), i.e. of the odd columns
of CL,.(A), and leads to the definition of the Connes’ boundary map [Lod92], §2 :

B=(1-1tosoN:Cy(A) — Cps1(A). (22)
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4.2 Cyclic (co)homology

The cyclic bicomplex CL, (A) is then isomorphic to the one generated by b and B :

b \Lb \Lb

N\

Co(A) 2— C1A) 2 Coa) &

B:= [ Iy
C1(4) <E— Co(A)

vb

Co(A)

Proposition 4.2.2. For any unital Fréchet algebra A : HC(A) = H, (Tot 98, (A)).

Through the anti-symmetrization map € defined in the (21), we know that the Hoch-
schild homology of the algebra of functions €°°(M) corresponds to the space of diffe-
rential forms Q* (M). It turns out the operator B becomes a multiple of the exterior
derivative on the De Rham complex, which is that the following diagram commutes :

B
Cp-1(€(M)) 7 Cp(€™(M)
E\L"‘ N\L(:'
iy —24 5 onm
The bicomplex %8, (¢°°(M)) then encapsulated both the datum of differentials forms
and of the exterior derivative. The observation of G. Rinehart in the early 60’s is that

the homology of its total complex needs to be related to the De Rham cohomology,
which is the following theorem.

Theorem 4.2.3. If M is a compact manifold, the cyclic homology of its algebra of smooth
functions €*° (M) can be described using De Rham cohomology

HCp(€°(M) = Q"(M)/d( Q" (M) @ H > (M)e H* (M) & ---

All the operators d;, t and s can be dualized in the sense that on the dual complex
C*(A) = Hom 4 (C2* (A), A) defined in 4.1.3 we have d := —od;, t¥:= —otand sV :=
—os. They define of course b" := ;7:0(—1)idly, (b"HY = Z?:_()l(—l)id;’ and NV =1+
tY +--- (V)" It gives rise to the dual theory as follows.

Definition 4.2.4. We call cyclic cohomology of A and write HC* (A) for the cohomology
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4.3 Relation with K-theory

of the total complex of :
T ~on T p T ~o T
2 B2 ) Y ) B e
cLr )= v ~onVT | o)V
cla 2 ol M cl) B et
N ol oy ol

coa) L0 o) Ny cocay L0 oy N

In degree zero, HC®(A) is the intersection of the kernel of b" : C°(A) — C!(A) given
by (bV)(ag)(a1) = apa, — a,ag and of (1 — 1)V : C°(A) — C°(A). The kernel of the first is
given by the center of A, denoted Z A, and the second is the zero map, which gives
HC%(A) =~ ZA~ HH(A) as an analogue result for cyclic homology.

A way to compute cyclic homology is to used the Connes’ exact sequence. It is a
long exact sequence involving Hochschild homology groups and cyclic homology
groups.The first two columns of the bicomplex CL, (A), computing the cyclic homo-
logy, are isomorphic to the complex C, (A), computing the Hochschild homology.
The image of the embedding I : C, (A) — CL (A) is the kernel of the two-degree shift
S:CL4(A) — CL4(A)[-2]. The map S called periodicity map plays an important role
in the theory. The following sequence of complexes is then exact :

0 — Cy(A) — CL,(A) — CL,(A)[2] — o. (23)

By an argument of a long exact sequence we obtain the following statement.

Proposition 4.2.5 (Connes’ exact sequence). [Lod92] For every unital Fréchet algebra
A, the following sequences are exact for all n :

HH,(A) — HC,(A) — HC,_»(A) -2 HH,_1(A),

HH"(A) 25 HC" 1(4) —5 HC"l(4) — HH"(4),
where B is the Connes’ boundary map defined in (22).

4.3 Relation with K-theory

The candidate homologies for the study of K-groups need to verify the same pro-
perties as K-theory, which is stable under Morita equivalences, stable homotopies and
with excision property (see theorem 2.2.2 and 2.2.4). The main issue is that any homo-
logy theory respecting these properties is Z/2Z-graded. Both Hochschild homology
and cyclic homology are then irrelevant, but the so called periodic cyclic homology
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4.3 Relation with K-theory

verifies the expected properties and defines a Z/2Z-graded version of these theories.
This homology appears to be a generalization of the De Rham cohomology and then
defines a great receptacle for the Chern character coming from K-groups.

4.3.1 Periodic cyclic homology

We fix A to be a complex Fréchet algebra as before. We can define the differentials
b:C,(A) — C,-1(A) and B: C,(A) — C,+1(A) on the graded vector space C,(A) as in
(19) and (22). These operators verify the property :

b*=B?=(b+B)*>=0.
We splits the Hochschild complex C, (A) into the even and odd parts :

Ceven(A) := [ [ Con(A) and Coad(A) := [ Cans1(A).

n=0 n=0

The operator b + B sends any even (resp. odd) degree element to a pair of odd (resp.
even) degree elements, and then defines a differential map on the following Z/2Z-
graded complex.

Definition 4.3.1. [CQ95] We call periodic cyclic complex of A the following complex :
— b+B
CC(A):= Cepen(A) W Coaa(A)
+

This periodic cyclic complex has only two homology groups. From now we will use
the subscript "e" for any Z/2Z-theory in order to distinguish with the classical "x"
corresponding to Z-graded theories. Also, we will always write the even part at the left,

and the odd part at the right.

Definition 4.3.2. We define the periodic cyclic homology of A as the homology of the
complex CC(A), which is :
HP.(A):= H.(CC(A)).

The periodic cyclic homology possesses the following properties you can find in
[Lod92] and [Pus98].

Theorem 4.3.3. Fix A and B two Fréchet algebras.

- (EXCISION PROPERTY) Any exact sequence( — [ — A LoAlr—o yields a chain-
homotopy equivalence :

CC(I) = ker (E(\;(A) LR EE(A/I))

- (6-TERMS EXACT SEQUENCE) Any exact sequence 0 — I — A L AlT—0 yields
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4.3 Relation with K-theory

6-terms exact sequence :

HPy(I) —— HPy(A) —— HPy(A/D)

T !

HP(A/l) <—— HP1(A) <—— HP1()

- (TENSOR PRODUCT STABILITY) If A and B are unital, there exists a chain-homotopy

equivalence
CC(A®,; B)— CC(A)®,CC(B).

- (MORITA INVARIANCE) If A and B are Morita equivalent algebras their associated
periodic cyclic complexes are homotopy equivalent, leading to an isomorphism
between their periodic cyclic homology groups :

CC(A) = CC(B) and HP.(A) ~ HP.(B).

- (SMOOTH HOMOTOPY INVARIANCE) Two Fréchet algebras morphisms ¢,y : A —
B smoothly homotopy equivalent, i.e. such that it exists a family of morphisms
¢:: A— B depending smoothly on t € [0, 1], induce the same linear map at the
level of periodic cyclic homology :

HP,.(¢o) = HP.(¢1).

The periodic cyclic homology might be thought as a completion of cyclic homology
groups along the periodicity map S: CL,(A) — CL,(A)[-2] defined in (23). Indeed,
when S is surjective on homology groups we get

HP.(A) =lim HC.,2,(A) and HP"(A) =~lim HC*?"(A). (24)

The main idea behind the periodic cyclic homology is that this homology stands as a
non-commutative analogue of De Rham cohomology in the following sense.

Theorem 4.3.4 (Non-commutative De Rham cohomology). If M is a compact ma-
nifold, the periodic cyclic homology of its algebra €*° (M) of complex smooth func-
tions can be expressed via even-odd De Rham cohomology groups through the anti-
symmetrization map defined in (21) :

HPo(6®(M)) = Hy™ (M) and HP\ (€ (M) = Hyy' (M),

Periodic cyclic homology realizes a powerful geometrical invariant for commutative
algebras which is related to the K-theory via the Chern character. To introduce this
construction, we will describe the Cuntz-Quillen’s construction of the X-complex.
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4.3 Relation with K-theory

4.3.2 Cuntz-Quillen’s X-complex

The X-complex of Cuntz-Quillen provides a description of periodic cyclic homo-
logy as a derived functor in terms of quasi-free extension of an algebra. This is the
construction we will use to define the Chern character with values in periodic cyclic
homology [CQ95].

Definition 4.3.5. We say that a locally convex algebra R is quasi-free if for any nilpotent
extension
0—I—S—R—0

with linear section s : R — S, there exists a morphism of algebras f : R — S.
An equivalent condition for R to be quasi-free is that it has cohomological dimension

< 1 with respect to Hochschild cohomology. Due to the Morita invariance of this
cohomology, if R quasi-free then its matrix algebras M, (R) are also.

Definition 4.3.6. A quasi-free extension of a locally convex algebra A is a quasi-free
algebra R which fits into a linearly-split extension of algebras

Fix a complex locally convex algebra A. The tensor algebra T A associated to A is a
free (hence quasi-free) algebra because any linear map A — B extends to a morphism
of algebras TA — B. The multiplication ideal IA = ker(m: TA — A) yields an exact
sequence

0— IA— TA- A—0.

In other words, T A a (quasi-)free extension of the algebra A. Recall that the ring
Q*A =@, Q" A of differential forms on A is endowed with two differentials :

d: Q"A — Q"la and b: Q"A — Q"la
©w — dw wda — (1)"w,al

Definition 4.3.7. Define the X -complex of A as the Z/27 -graded complex :
d
X(A):= AT Q'A/bQ?4) .
b

The main result of the Cuntz-Quillen approach to periodic cyclic homology is the
following theorem.

Theorem 4.3.8. [CQ95] Let R be a quasi-free extension of A. The X -complex of the
algebra R :=lim R/I" is naturally and continuously chain-homotopy equivalent to the

periodic cyclic complex of A

CQ: X(R) = CC(A).
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4.3 Relation with K-theory

By definition, derived functors must be Z-graded as Hochschild homology for ins-
tance. The strength of this theorem is that it endows the periodic cyclic homology
with a derived functor behavior because the choice of a quasi-free extension yields a
unique X-complex modulo homotopy.

4.3.3 The Chern character of Cuntz-Quillen

Let A be complete locally convex algebra and R be a quasi-free extension of A.
Due to lemma [CQ95], lemma 12.1, any idempotent matrix e € M, (A) induces an
idempotent matrix € € M, (R) unique up to conjugation. It verifies the identity

dé=b((2e-1)dede) € b(Q*M,,(R))

and defines a 0-th cycle of the X-complex of M,,(R). Similarly, the lemma [CQ95],
lemma 12.3 states that any invertible matrix u € GL,,(A) extends to an invertible
matrix @ € GL,,(R). The element @i~'dii € Q'GL,,(R) defines a 1-cycle for the X-
complex of GL,, (R) because

b 'do) =(ut, ul =0e GL,(R).
This yields to two morphisms

Ko(A) — Hy(X(Myu(R) nd A — H; (X(GLm(R))
leo] —[e1] —  [&]—I[é] ] — [a'da]

The algebra M, (R) is isomorphic to m because M,,(I") = M,,(I)". Furthermore
M, (R) is a quasi-free extension of M,,(A) because the sequence

0 — Mp(I) — Mu(R) — M,(A) —0

is exact and M, (R) is quasi-free when R is quasi-free. Same thing occurs for the algebra
GL,(R) which is isomorphic to GL,,(R), and for GL,,(R) which defines a quasi-free
extension of the algebra GL,,(A). The Cuntz-Quillen theorem 4.3.8 and the Morita
invariance of periodic cyclic homology establish the isomorphism

troCQ: H. (X(My(R))) — HP.(My(A) — HP.(A).

Since the chain-homotopy equivalence of the Cuntz-Quillen theorem is natural, these
constructions don’t depend on the choice of the quasi-free extension of A. This yields
to the definition of the Cuntz-Quillen Chern character, as a natural and canonical
morphism.

Chcq : K. (A) — HP.(A) (25)
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4.3 Relation with K-theory

defined on the even and odd K-groups by the formulas
Chcq(leg] - [e1]) = [tr(CQ(&))] - [tr(CQ(é1)] and Chcg(lul) = [tr(CQ(@ ™" dm))].

Theorem 4.3.9. [CQ95] If A =€ (M) is the algebra of smooth functions on a compact
manifold M, the Chern character of Cuntz-Quillen is compatible with the classical
Chern character in the sense that the following diagram commutes

K. (€*°(M)) —— K*(M)

C hCQ\L \LCh

HP.(€®(M)) — H}p(M)
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Bivariant K-theory of C*-algebras provides a unifying framework that simulta-
neously generalizes K-theory and K-homology. Introduced by G. Kasparov [Kas81]
[Kas88], KK-theory assigns to a pair of C*-algebras (A, B) an abelian group KK (A, B),
whose elements can be thought as generalized morphisms from A to B. The two
variables of this bifunctor do not play exactly symmetric roles. The first one is more
algebraic in nature while the second one which is more analytic. In particular K-theory
and K-homology appear as the special cases K.(A) = KK(C, A) and K*(A) = KK(A,C).
Moreover, the Kasparov product

—x—:KK(A,B) x KK(B,C) — KK(A,C)

endows the theory with a powerful composition mechanism. The existence of this
product and some of its properties have been proved by Kasparov. It is associative
and natural, and it underlies many deep constructions, including formulations of the
Baum-Connes conjecture.

5.1 KK-theory a la Cuntz

Cuntz’s interpretation is based on the idea that bivariant K-theory should be the
universal theory satisfying certain natural axioms : homotopy invariance, stability, and
split exactness. The resulting bivariant theory groups KK(A, B) can then be described
in terms of homotopy classes of x-homomorphisms from the Cuntz’ algebra gA to
B®c+ A, where £ denote the C*-algebra of compact operators on a infinite dimen-
sional Hilbert space. In this setting, the Kasparov product corresponds to composition
of morphisms, translating for instance questions of invertibility to computation of
Kasparov products.
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5.1 KK-theory a la Cuntz

5.1.1 The Cuntz’ algebra

Let A and B be two complex algebras. The algebraic free product Ax B is the algebra
generated by words with letters alternating between A and B, modulo the relations
internal to each algebra:

A*xB:=AoBo(A®B)® (BRA)®(A®B®A)®(BRA®B)®:--

It is naturally equipped with two canonical inclusions ¢p: A— AxBand; : B— A% B.
This free product should be thought of as the universal algebra generated by A and B
with the following universal property.

Proposition 5.1.1. The algebraic free product defines a finite coproduct on the category
of complex algebras :

Morc.atg(A, C) x Morc.aig(B,C) — Morc._ag(A* B,C)
(&) — pxy

where the morphism ¢ %y is defined such that (p xy) oy = ¢ and (pxy)o =y.

Definition 5.1.2. We define the C* -free product QA to be the completion of the alge-
braic free product A A such that for any C* -algebra C, the following is an isomor-
phism:

Morcx.agg(A, C) x Morc+.a1g(A, C) — Morcs_aig(QA, C).

The C*-algebra QA stands as the coproduct in the category of C*-algebras. An ar-
gument of density shows that it is also endowed with the two canonical inclusions
g, 11 : A— QA.

Definition 5.1.3. The Cuntz’s algebra q A associated to A is defined to be the kernel
of the fold map id x id : QA — A arising from the pair of identity morphisms qA :=
ker(id xid: QA — A).

This construction A ~» g A can be thought as an endofunctor of the category of C*-
algebras in the sense that any morphism ¢ : A — B of C*-algebras induces a morphism
q¢ : qA — gB between the respective Cuntz’s algebras. The Cuntz’s algebra g A fits
into the following doubly-split extension of algebras :

Lo, L1

0 >qu )QAld*i A s 0

Since (id x id) o1y = id = (id % id) o1; by definition of the C*-free product, the image
of the function 1y —¢; : A — QA lies in gA. Indeed gA is exactly the two-side ideal
generated by differences iy(a) — 11 (a) for a € A. The following fundamental theorem is
due to J. Cuntz.

Theorem 5.1.4. [Cun87] For all separable C* -algebra A, up to stabilization by square
matrices q(qA) and qA are homotopy equivalent. In particular K.(qA) = K.(A) and
K.(q$) = K.(¢) for any morphism ¢ : A— B of separable C* -algebras.
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5.1 KK-theory a la Cuntz

5.1.2 The Cuntz’ identification

The Cuntz’ approach was motivated by the search of an algebraic description of
the bivariant K-theory. Indeed, K-theory and K-homology groups should both encode
differences of x-homomorphisms, and that the kernel gA of the fold map is the
universal C*-algebra in which such differences become genuine algebraic elements.
This identifies g A as the natural representing object for bivariant K-theory.

Theorem 5.1.5. [Cun87] The bivariant K-theory or KK-theory of a pair (A, B) of
separable C* -algebras identifies with the homotopy classes of continuous morphisms
between gA and B ®cx X :

KK(A,B) — Hom(gA,B®c+ X))~

Remark Originally, the definition of bivariant K-theory of a pair (4, B) was introdu-
ced in the 80’s by G. Kasparov [Kas81] as the abelian group of homotopy classes of
Fredholm (A, B)-bimodules. J. Cuntz showed few years later that this definition of
Kasparov modules coincide with the one we gave above [Cun87] [CG24].

Let us describe what KK (A,C) and KK(C, A) look alike. By definition, KK(A,C) is
the group of homotopy classes of homomorphisms gA — £ (H). The definition of the
Cuntz algebra implies that such morphisms can be obtained from a pair of morphisms
A — £ (H) whose differences are compact. Given a Fredholm module (p, F) over A
such that F? = 1 3.2.1, the bounded operators p, FpF : A— B(H) are of differences
p(a)—Fp(a)F = (p(a)F — Fp(a))F for all a € A, which is compact by definition of a
Fredholm module. Hence, any even Fredholm module in the K-homology group K°(A)
produces a class in KK(A,C) :

K4 — KK(A,C)

(0, F)] — [(p*FpF)ga:qA— &1 (26)

Also, given two idempotent matrices ey, e; with coefficient in A representing a class
in the K-theory group Ky (A) induces a pair of homomorphism C — A®:+ £ sending
the generator 1 € C to either ¢ or e;. This construction associates to any idempotent
matrix in K(A) a class in KK(C, A) :

Ko(4) — KK(C, A)

leol — [er] — [(eo* enjgc: GC — A®cx K1 ° @D

Theorem 5.1.6. For any C*-algebra A, these constructions produce isomorphisms
K°(A) = KK(A,C) and Ky(A) = KK (C, A).

In other words, KK-theory stands as a generalization of both K-theory and K-homology.

Remark Let locally compact group G acts continuously on the C*-algebra A. Due to
the theorem 5.1.6 above, a class in G-equivariant K-theory Kg(A) induces a unique
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5.1 KK-theory a la Cuntz

morphism gA — # modulo homotopy, which is G-equivariant. Idem for the G-
equivariant K-homology K(?(A) where any class induces a unique G-equivariant
morphism qC — A®c+x £ modulo homotopy. When the group G = K is compact
these constructions are isomorphisms. More generally, the K-equivariant KK-theory
groups KKk (A, B) can be modeled via homotopy classes of K-equivariant morphisms:

KKk (A,B) — Homg (q A, B®c* ') homotopy

which yields for instance to the description KKk (C,C) = Rep(K) via the Peter-Weyl
theorem 2.3.1 and more generally KK (A, C) = Ké< (A) and KKk (C, A) = KI%(A).

Definition 5.1.7. Take a Hilbert space A endowed with a unitary representation
n:G— ZL(A). The G-smooth p-Schatten ideal of # is defined to be :

PO (A) = {T e (P (H)| g — m(g) Tr(g)" ! is infinitely differentiable for all g € G}.

Lemma 5.1.8. IfK is a compact group of a locally compact group G, the trivial class
1 € KKk (C,C) can be represented by the composition of algebra homomorphisms

(id*0)o(id*Q) C 1—p1
4

1x: g(g0) S My (0P (A5)) € M, (0PC (7))

where p1 is the 2 x 2-matrix whose top-left entry is the projection onto a one dimensional
subspace of K -invariant vectors.

One of the key point of the Cuntz’s approach is that it provides a simple description
of the Kasparov product. Given A, B and C three C*-algebras we can compose some
continuous maps f: qA— B®¢+ £ and g: gB — C®¢x A in the following way

goqf: qAEj»1 G(gA) — qB®cx K) — COcx K ®cx K =~COc+ K . (28)

Due to the homotopy invariance of KK-theory, go g f defines a class in KK (A, C) which
depends only on the homotopy classes of f and g. In other words, this composition
extends up to the Kasparov product of the bivariant K-groups

—-xp—: KK(AB)xKK(B,C) — KK(A Q)

(), Lg]) — flxplgl:=lgoqf] " (29)

The Kasparov product of two K-equivariant KK-theory classes is again a K-equivariant
KK-theory class because their composition in the sense of (28) is a K-equivariant
morphism. In other words, the Kasparov product descends to the K-equivariant
model KKk (A, B) x KKk (B,C) — KKk (A, C).
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5.2 The Dirac and dual Dirac elements

Take G be a Lie group and K a maximal compact subgroup of G. The homogeneous
space G/K is a complete Riemannian-manifold. The group G acts by left translations
on G/K, preserving the metric. It is well known that for any x € G the exponential map
realizes a diffeomorphism exp : T, (G/K) — G/K for any x € G/K. Suppose G/K is
even-dimensional.

We defined before a Dirac element a € Kg (€;(G/K)) (3.3.3) and a dual Dirac element
B € Ko(€6:(G/K)) (2.2.9). Since the action of G preserves the metric, one can show
that the dual Dirac element defines a class in K-equivariant algebraic K-theory f €
Kf (6:(G/K)). Due to the description (5.1.2), these elements can be viewed as G-
equivariant and K-equivariant morphisms respectively :

a:q(€:(G/K)) — # and [:qC — €;(G/K)® M,(C).

The apparition of 2x2-square matrices instead of the compact operators £ arises
from the definition of the dual Dirac element using matrices of this size (2.2.9).

Theorem 5.2.1 (Kasparov). The Kasparov product of the dual Dirac element  with the
Dirac element « is trivial in both direction :

P x¢, ixya=1€ KKg(C,C) =Rep(K) and a xc p=1€ KKg(€:(G/K),€:(G/K)).

This theorem will be fundamental in this study because in the Cuntz picture, Kasparov
products may be thought as composition of the associated homomorphisms. The fact
that their products in both direction is trivial realizes their associated homomorphisms
as inverse to each others, this will allow us to adapt the Dirac-dual Dirac method in
periodic cyclic homology.

Corollary 5.2.2. The following compositions are homotopy equivalent to the identity at
the level of K-theory :

aoqf:q(qC) — Ma(X) and Boqa: q(€;(G/K)) — 6:(G/K) ® M, (C).
In particular, the followings are inverses to each other, thus isomorphisms
a: Ko(6:(G/K)) — Ko(C) and B: Ky(C) — Ko(€;(G/K)).

Démonstration. The compositions a o g and o ga are homotopy equivalent to the
products fx«. (G/k) @ and a x¢ § by the Cuntz description of the Kasparov product (29).
But the Kasparov’s theorem above states that these products are trivial, which make
these compositions homotopy equivalent to the identity morphism. The homotopy
invariance of the K-theory gives K(a o gpf) = id and K(fo qa) = id. The corollary
follows from the theorem 5.1.4 and the computations K(a) o K(f) = K(a) o K(gp) =
K(aogpP)=idand K(f)oK(a) =K(f)oK(qa) =K(foqa)=id. O
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5.2 The Dirac and dual Dirac elements

Corollary 5.2.3. The following morphisms of algebras are K -equivariantly homotopy
equivalent to each other (see 5.1.8)

aogP:q(qC) — My(K) and 1g: q(qC) — My(¢PC () € My(K).

Démonstration. Since fx«, /)@ =1 € KKk(C,C), the composition aogf and 1 re-
presents the same class in KKy (C, C). The assertion follows from the Cuntz description
5.1.5 of bivariant K-theory. O
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6 The Baum-Connes conjecture
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A recurrent theme of this thesis has been the importance of reduced group C*-
algebras and the difficulty to compute their K-theory. For groups of geometric origin,
geometry can be used via the assembly map to obtain information about K; (C (G)).

The guiding philosophy of the assembly map is that the analytic K-theory of a group
should not be approached directly, but rather assembled from the topological data of
proper G-actions. The natural receptacle for such data is the equivariant K-homology
of the universal space EG, which encodes all proper actions of G. The assembly map
thus provides a canonical transformation

p: K7 (EG) — Ki(C} (G)),

sending geometric cycles — such as equivariant elliptic operators — to analytic classes
in the group C*-algebra. From this perspective, the assembly map generalizes the
index theorem : it transforms geometric information into analytic invariants.

In this way, the assembly map serves as a conceptual and computational tool : it is
the mechanism that translates accessible topological information into the deep and
often inaccessible analytic invariants of noncommutative geometry. The celebrated
Baum-Connes conjecture, formulated in the 1980s, asserts that this translation is in
fact exact : the assembly map is an isomorphism for all second countable, locally
compact groups.

6.1 The assembly map and the Baum-Connes
conjecture

The geometric side of the Baum-Connes assembly map encapsulates the data of
proper actions of G. A space EG equipped with a proper action of G is said to be uni-
versal if it is paracompact with a metrizable orbit space EG/G and if for every proper
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6.1 The assembly map and the Baum-Connes conjecture

metrizable G-space X with X/G paracompact, there exists a unique G-equivariant
continuous map X — EG up to equivariant homotopy. Such a universal space is
unique up to equivariant homotopy. The orbit space EG/G encodes the geometry of
proper actions of the group.

For instance, when G is discrete and torsion free EG is nothing else than the
universal covering space EG and EG/G is the classifying space BG. In that case
the space EG captures geometrically the information coming from the group since
KiG (EG) = K;(BG), and the singular homology of the classifying space BG computes
the integer homology of the group G. Also, if K is a compact group, EK is homeo-
morphic to a point {pt}, which is K§ (EK) = KKk(C,C) due to the identification (22).
Finally, when G is a connected reductive Lie group and K a maximal compact sub-
group, the homogeneous space G/K gives a local model for the universal proper space
EG and we have K¢ (EG) = K\.(%,(G/K)).

The assembly map is a function that sends a class of Kl.G (EG) to a class of K; (C} (G)),
assembling a bridge from geometric to analytic sides [HR01] and [Val02]. Let us des-
cribe the even case more precisely. Take (p, F, U) an even G-equivariant Fredholm
module on the universal space EG. The image of the representation p on the under-
lying Hilbert space H, which is V := p(6.(EG))H < H, carries a natural 6,(G)-valued
inner product

(€1,62)(8) = (&1, Ugé2d .

Then, completing V for this product yields a Hilbert C (G)-module 7. The operator F
extends as an adjointable operator & over 7. The extended operator % is invertible
modulo compact C’(G)-linear operators, and then Fredholm on 7. If its kernel and
cokernel are finitely generated projective modules over C* (G), then the analytic index
of # equals:

Ind(F) := [ker(F)] — [coker(F)] € Ko(C) (G)).

It is closely related to the boundary maps appearing at theorem 4.3.3. This construc-
tion, known as Mishchenko-Fomenko index, depends only on the class of (p, F,U) in
the equivariant K-homology Kl.G (EG) and then defines a map called assembly map
[MF80] :

ue: KFEG) — Ki(Cr(G)

(o, EU)] — Ind(&) (30)

Conjecture 1 (Baum-Connes). The assembly map is an isomorphism.

As the left hand side tends to be more easily accessible than the right hand side, one
usually views the Baum-Connes conjecture as an "explanation” of the right hand side.
The original formulation of this striking conjecture by A. Connes and P. Baum was
done in 1982. It sets up a correspondence between different areas of mathematics as
the left-hand side is of geometric nature while the right-hand side is a purely analytical
object. Let’s draw cases where the assembly map is well understood.
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6.1 The assembly map and the Baum-Connes conjecture

This conjecture doesn’'t hold yet but has been proved for the several classes of groups
by different methods :

- connected reductive Lie groups : uses Arthur’s classification of the unitary dual
and deep structural properties of the reduced C*-algebra of the group (by A.
Wassermann in 1987);

- groups with Haagerup property : relies on E-theory and KK-theory analytic tools
for the surjectivity of the assembly map while the injectivity uses constructions
of Dirac-dual Dirac elements [HK97];

- groups with Rapid Decay property (RD) and a proper, cocompact, isometric
action on a strongly bolic metric space : uses Banach KK-theory as an extension
of Kasparov’s KK-theory, geometric estimates and analytic properties of group
actions on strongly bolic metric spaces [Laf98];

- groups that admit a finite presentation with only one relation : applies geometric
group theory techniques, the RD property and employs some new analytic tools
adapted to one-relator groups [BBV99];

- algebraic groups on characteristic zero local fields : employs tools from p-adic
representation theory and equivariant KK-theory, reducing to well-understood
cases [CENO3];

- Gromov hyperbolic groups and their subgroups : relies on coarse geometric
insights and controlled operator algebra techniques and employs cyclic homo-
logy and Chern character methods to relate analytic and geometric K-homology
[Pus12];

- other cases due to G. Skandalis, B. Bekka, P. de la Harpe et A. Valette, using
harmonic analysis, operator-algebraic methods, and representation theory via
orbital integrals and character formulas.

The main example for which the conjecture is still not proved is the discrete group
SL3(Z). The conjecture can also be stated with coefficients in a C*-algebra A equipped
with an action of G, using crossed product algebras instead of reduced group C*-
algebras.

Conjecture 2 (Baum-Connes with coefficients). For every locally compact group acting
continuously on a C* -algebra A, the following assembly map is an isomorphism :

1S : KKG(Go(EG), A) — Ki(A X, G).

Some counter-examples have been found for this extended conjecture by N. Higson, V.
Lafforgue and G. Skandalis on graph groups [HLS02], using the works of M-L. Gromovw.

Theorem 6.1.1 (Green-Julg). The Baum-Connes conjecture is true for compact groups.
In other words, if K is a compact group acting continuously on a C* -algebra A, the
assembly map is an isomorphism :

pf  KKL(C, A) = Ki(A x4 K).
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6.2 The Connes-Kasparov theorem

Let G be a connected real reductive Lie group and K a maximal compact subgroup.
The Connes-Kasparov theorem stands a Lie-version of the Baum-Connes assembly
map. We fix G to be a connected reductive Lie group and K as a maximal compact
subgroup of G. For any C*-algebra A, their respective assembly maps yield to the
following construction :

Ki(AxgK) --—-- > KitdimG/) (A Xa,r G)

ﬂ§T~ Tﬂi

KKL(C,A) 125 KKGmE0 6,6/ K), A)

where the bottom arrow can be thought as a Thom isomorphism and the vertical left
arrow is an isomorphism due to the Green-Julg theorem above. The assembly map of
G then bridges the K-theoretical invariants of the reduced crossed product algebras
A x4 Kand A Xg,r G. The dashed arrow is called Dirac-induction :

D-Indy : Ki (A X ¢ K) — KjidimG/x) (A Xa,r G). (31)

The Baum-Connes conjecture for reductive Lie groups is equivalent to the fact that
the Dirac-induction is an isomorphism.

Theorem 6.2.1 (Connes-Kasparov). When A = C, the Dirac-induction is an isomor-
phism:
D-Indc : K; (C*(K)) — Ki+dim@G/x) (C) (G)).

For reductive Lie groups, the Connes-Kasparov isomorphism was proved in two ways
by A. Wassermann in 1987 and V. Lafforgue in 1998 [Laf98]. A third way to prove the
Connes-Kasparov conjecture has long been suspected to exist. As A. Connes and N.
Higson insisted, this meant that the Connes-Kasparov isomorphism could be the non-
commutative geometric counterpart of a representation theoretic phenomenon. The
reformulation of the Connes-Kasparov conjecture in terms of deformations reflects
the observations by G. W. Mackey and leads naturally to the Mackey’s Analogy in
K-theory.

6.3 Mackey analogy

The Mackey analogy refers to a correspondence between the tempered represen-
tation theory of a real reductive group G and that, much simpler, of its associated
Cartan motion group Gy. It takes the form of a bijection, due to Higson in the complex
case and Afgoustidis in the general case [Afgl5] [Afg20] [Afg19], between the tempered
duals of these groups, which preserves certain invariants. This analogy, reformulated
in operator-algebraic terms, provides insight into the structure of the unitary dual and
clarifies the role of crossed product algebras in representation theory. In this part we
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review the Cartan motion group, explain its relation to equivariant K-theory, and dis-
cuss Connes-Higson’s deformation picture of the assembly map, which encapsulates
the geometric content of the Connes-Kasparov theorem. This section is inspired by
[Hig08].

Let g = £®p be the Cartan decomposition of the Lie algebra of G. The Cartan motion
group is defined as the semidirect product

Go=Kxp,

where K acts on p via the adjoint representation. Although G and G are diffeomorphic
as manifolds, they carry fundamentally different group structures.

Mackey observed that the representation theory of G should be closely related to that
of Gy. This idea was later made precise by Higson and Afgoustidis through a bijection
between the tempered dual of G and the unitary dual of Gy. From the operator-
algebraic viewpoint, this analogy suggests comparing the K-theory of C*(G) with that
of C*(Gy). Since Gy is an extension of K by a vector abelian group, it is amenable and
satisfies C* (Gp) = C*(Gy). Bott periodicity then yields a natural identification

Ko(C*(Go)) = R(K).

Under this identification, the Connes-Kasparov theorem may be interpreted as the
comparison map induced by a deformation from Gy to G, a perspective formali-
zed by the Connes-Higson deformation picture of the assembly map. We define the
deformation bundle as the disjoint union :

v(K,G) :=vK x {0} UG x R”

were vK, which is homeomorphic to Gy, denotes the quotient of the restriction of the
tangent bundle over G by the tangent bundle over K. The deformation group G; is
defined to be the fiber of the deformation bundle over ¢ € R. It is natural to think of
{G¢}rer as a continuous family of groups which interpolates between G; = G and Gy.

Lemma 6.3.1. Let f be a compactly supported function over v(K, G) and denote by f;
its compactly supported restriction on the fiber G; thought as a function over C* (Gy).
The map t — || f|l is continuous on R.

This lemma makes the field {C (G;)} ;e a continuous field of C*-algebras. Denote
by € the C*-algebra of continuous sections of the restriction of this continuous field
{C} (G1)}ter to the interval [0, 1]. Thus ¥ is the completion of the fiberwise convolution
algebra of smooth, compactly supported functions on v(K, G) 1) in the norm

I fll :=supfll fell | £ €0, 11}

The C*-algebra € encapsulates the whole deformation from the reduced C*-algebra
of Gy to the reduced C*-algebra of G = G;. It is naturally equipped with two evaluation
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6.3 Mackey analogy

mapsatt=0,1:
C*(Go) <= ¢ =L CX(G).

When both of these maps are quasi-isomorphisms in K-theory the Connes-Kasparov
conjecture holds. As the topology of € suggests it, it is easier to show that ay is a
quasi-isomorphism in K-theory, and it is even feasible to find an inverse of it. The
tougher proof for the other map a; have been proposed by A. Connes and N. Higson
in 1990 and recently reformulated by A. Afgoustidis in 2019.

Theorem 6.3.2 (Connes-Higson). The map ayoa, ! defines a quasi-isomorphism :
K;(C*(Go)) — Ki(CF (G)).

With coefficients in an C*-algebra A endowed with an action of G, the evaluations at
t=0and ¢ =1 yield a morphism

-1
Thom 10Q,

a
Ki(AXgK) — Kij+dim(Grx) (A Xq Go) i+dim(G/K) (A Xq,r G)

which is the representation theoretic counterpart of the Dirac-induction (31). The
proof that this morphism is an isomorphism is equivalent to the Baum-Connes conjec-
ture with coefficients for reductive Lie groups. The Mackey analogy in K-theory pro-
poses another approach to solve this conjecture.
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Consider as before a real reductive group G with maximal compact subgroup K, and
a complete locally convex G-algebra A. In this section we establish the isomorphism

HP.(€X(G/K, A) x G) — HP.(A % K). (32)

To do so, we will use the notion of quasi-Morita equivalence developed by J. Cuntz
and D. Quillen [Cun98], [CQ95] and [CQ95] to obtain periodic cyclic complexes that
are homotopy equivalent. This idea relies on the derived functor analogy of the per-
iodic cyclic homology via quasi-free extensions stated in theorem 4.3.8. The datum
of two G-algebras that are quasi-Morita equivalent yield to quasi-free extensions of
the same algebra, which will canonically and naturally identifies the periodic cyclic
complexes of their G-crossed product algebras. In other words, the transformation
CC(- x G) viewed as a functor from the category of locally convex G-algebras to the
chain-homotopy category is stable under equivariant quasi-Morita equivalences. In
the statement 7.3.3, we show that (6:°(G/K, A),€:°(G, A) x K) and (A, 6:°(G, A) x G)
are pairs of G-equivariantly quasi-Morita equivalent algebras, which stands as a weak
version of the Green-Imprimitivity theorem 7.3.3 [Wil07] for Fréchet algebras. The
periodic cyclic complexes of their G-crossed product and K-crossed product respecti-
vely are homotopy equivalent, which leads to the isomorphism (32) above.

At the end of the section, the theorem 7.3.5 will realize the smooth Clifford module

€;°(G/K) as quasi-Morita equivalent to the algebra of compactly-supported smooth
functions €:°(G/K).
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7.1 The Cuntz-Quillen method

Fix a complex algebra A. Let V and W be two complex vector spaces which fit to a
split exact sequence of vector spaces

0— V"9 wW-—"34—>0. (33)

We will denote by TV, TW and T A for the tensor algebras associated to these vector
spaces. We write ¢ for the canonical inclusion¢: V — TV and I A < T A for the kernel of
the multiplication m : TA — A. Consider I =ker(mo(0%id): TV*TA— A) atwo-side
ideal of the free product TV %« TA, and J =ker(mo Tp: TW — A) an ideal of TW.

Lemma 7.1.1. The free homomorphism Tix Ts: TV * TA— TW is an isomorphism
of filtrated algebras for the I-adic filtration on TV %« TA and the J-adic filtration on
TW.

Démonstration. To show this free homomorphism is an isomorphism, we construct
an inverse. The linearmap ¢: we W — (w — (so p)(w)) + p(w) € TV * T A extends
to a morphism of algebras id x Tp: TW — TV % T A by universal property of tensor
algebras. Since Tpo Ts = id, it is clear that (id x Tp) o (Ti % Ts) = idry+T4- On the
other side

(TixTs)op)(w) = (Ti*Ts)((w—(sop)(w))+pw)) =i(w—(sop)(w))+(sop)(w) = w,

which implies that (Ti * T's) o (id x Tp) = idrw. To check that Ti % T's preserves the
respective filtrations it suffices to remark that the following diagram commutes :

TV*TA 24 74 My A

idx TS\LN

H
T™W > TA > A

Tp m

and that I is the kernel of the top arrow while J is the kernel of the bottom one. It ends
up the proof. O

Corollary 7.1.2. The morphisms Tp: TW — TAand Ts: TA— TW preserve the J -
adic and 1 A-adic filtrations and are inverse to each other modulo filtrated preserving
smooth homotopy.

Démonstration. First of all, let us check that the morphisms T's and T p preserve the
filtrations. If j € J< TW we get m(Tp(j)) = (mo Tp)(j) =0, i.e. Tp(j) € IA. On the
other side, if ae IA< TA, (mo Tp)(Ts(a)) = (mo T(pos))(a) = m(a) =0 which is
that T's(a) € J. In particular we showed that T's and T p are continuous for the adic-
topologies.

Now we will study their composition. By definition of s and p, it is clear that Tpo T's =
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idra.Also, (TsoTp)(Ti*x Ts)=T(sopoi)xT(sopos)=0xTs=(Ti*Ts)(0xid)and
the morphism T'so T'p fits into the following commutative diagram :

TV % TA XIS pyy
o*idl lTsoTp
TV« TA XIS

Consider the family of linear maps h;: V — V,v — tv for t € [0,1] and thus the
morphisms T'(h;)xid: TV*TA— TV xTA.Itis clear that the homotopy preserves the
filtrations and that it is smooth with respect to the parameter ¢ € [0, 1]. Since it realizes
an homotopy between 0 x id and the identity, of TV x T4, it realizes through Ti % T's
an homotopy between T'so T'p and the identity of TW. The assertion follows. O

Theorem 7.1.3 (Cuntz-Quillen). Let the assumptions of (33) be understood. Let TW
be the ] -adic completion of TW and TA be the I A-adic completion of TA. Then there
exists canonical chain homotopy equivalences between the respective X -complexes and
the periodic cyclic complex of A

xX(Tw) I x(TA) = CC(A).

Démonstration. By [CQ95][Corollary 9.4.b)], the homotopy equivalence Tp: TW —
T A induces an homotopy equivalence between the associated towers of complexes
because TA and TW are quasi-free algebras. Hence we get an chain-homotopy equi-
valence X (TW) =X (ﬁ). The left arrow is a consequence of theorem 4.3.8 because
T Ais a (quasi-)free extension of A. O

Remark Recall the description of the periodic cyclic complexes as a derived functor
for quasi-free extensions 4.3.8. The proof above is not as easy as the verification
that TW is a quasi-free extension of A because TW is a topological algebra and it is
necessary to verify that the underlying homotopies respect its toplogy.

7.2 Quasi-Morita equivalence

Definition 7.2.1. [Cun98] Let C be a complete, locally convex algebra. We say that
two sub-algebras A,B < C are quasi-Morita equivalent if there exist E and F two
closed linear subspaces of C such that the multiplication m : C ®; C — C descends to
surjections

E®;F—» A and F®, E—~ B

with bounded linear sections sp: A— E®; F and sg: B — F®, E.

They are G-equivariantly quasi-Morita equivalent to each other when a Lie group G
acts smoothly on the algebra C preserving the sub-algebras and sub-spaces A, B and E,
F, respectively.
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7.2 Quasi-Morita equivalence

Lemma 7.2.2. Two complete, locally convex algebras A and B are quasi-Morita equi-
valent if it exists a (A, B)-bimodule E and a (B, A)-bimodule F with linearly-split onto
morphisms of A-bimodules and B-bimodules respectively

E®,F - A and F®; E — B.

. . . . A E .
Démonstration. Consider the the matrix vector space C = ( F B) . The assumptions

of the statement make C be a matrix-type algebra containing A and B as sub-algebras.
The multiplication on C descends to the bimodule epimorphisms E®,; F — Aand F®,
E — B and we have linear sections of these by hypothesis. The assertion follows. [

Theorem 7.2.3 (Cuntz). [CQ95] If A and B are two quasi-Morita equivalent complete
locally convex algebras, then there exists a bounded chain homotopy equivalence

CC(A) = CC(B).

Démonstration. The theorem 7.1.3 applied to W = E®,; F and W = F ®, E respec-
tively, we obtain two chain-homotopy equivalences X (T(E®, F)) — CC(A) and
X (T(’FT&,\E)) —~., CC(B). Consider the following linear map
X(T(E®x F)) R X(T(F®rE)
(eo® fo)®(e1®fi)® (€, ®f)) +— (fn®e)®(fo®e))® @ (fu-1®en)
(er® fo)®--®(en® fr)d(ens1® fns1) —— (fur1®e€0)®---® (frr1®en)d(fn®ens1)

According to [CQ95] and [Cun98], it defines a continuous isomorphism for the adic
and locally convex topologies. Since these X-complexes are dense in their respective
adic completions, the assertion follows. O

The notion of G-equivariant quasi-Morita enables us to compare not only their res-
pective periodic cyclic complexes but also the ones of their crossed product algebras.
Initially proved for the action of a discrete group by J. Cuntz, the proof extends to the
following framework.

Theorem 7.2.4. If A and B are two G-equivariantly quasi-Morita equivalent complete
locally convex algebras, then there exists a bounded chain homotopy equivalence

CC(AxG) = CC(BxG).

Démonstration. We take E, F < C the G-invariant linear subspaces realizing the A and
B as G-equivariantly quasi-Morita equivalent algebras. Write §, the atomic probability
measure centered at the origin of the group G. It fits into the extension

0 — 6°(G) — M(G) —R-6,—0.

After tensoring with C we get 0 — C x G — C' — C-§, — 0. Since A and B are
supposed G-stable the algebras A x G and B x G are sub-algebras of C x G < C'.
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7.3 Application to crossed product algebras

Take E' = €¢2°(G, E) and F' = F-§, two subspaces of C'. Then one can check that the
multiplication on C’ descend to an epimorphism E'®,F' — AxGand F'®,E' — BxG
with sections

AXG — E'®; F'
foo— [g—Gideng™)salf(g) 6]

/ .
SANG'

BxG — F&,E
o — (be®id)(sp(f))

Which means that Ax G, B x G € €6 are quasi-Morita equivalent. The assertion follows
from the previous theorem. O

/ .
SBNG'

7.3 Application to crossed product algebras
7.3.1 A weak Green’s Imprimitivity theorem in a Fréchet
framework

Let G be areal reductive group and K a maximal compact subgroup of G. Choose
on G a left-invariant Haar measure. Let A be a unital Fréchet algebra endowed with a
smooth action y of G. The Lie group G x K acts on the pointwise multiplication algebra
€:°(G, A) via two different actions @ and f defined for f € €°(G, A), (§,k) € Gx K
and se Gby:

(g r - )S):=yg(f(g " sk)) and (Bigr - F)(S) = yn(f(k sg)).

Lemma 7.3.1. The crossed products 6€.°(G, A) X4 (G x K) and €:°(G, A) x5 (G x K) are
isomorphic.

Démonstration. The linear map @ : €°(G, A) — 6:°(G, A) defined by the formula
D(f)(s) = ys(f(s~1) is an isomorphism of vector spaces which commutes with the
pointwise multiplication on €:°(G, A) :

O(f-g)() =ys(Fs™H-gls™H =7s(f(s) - ys(g(s™h) = (F) () - D(Q)(s).
Moreover, it transports the G x K-action a to the G x K-action 3 :
D(agi: S =ys((@gr: N =re(f(g s k) = yr@(N) (k™ 58) = (B k- PNI().

The assertion follows. O

Remark The crossed product algebras by a product of groups can be decomposed
as a composition of crossed products. Writing A for the left-regular representation
Agf)(s) = f(g~1s) and p for the right-regular represention (pgf)(s) = f(sg) of Gon

66



7.3 Application to crossed product algebras

€:°(G), the previous lemma yields a commutative diagram of isomorphisms :

EX(G, A) X g (Gx K) ——3 €X(G, A) x5 (G xK)

Nl l~ . (34)

(ngo(G, A) Np,id K) N/LYG — ((ggo(G, A) Np,id G) N/LYK

In particular, if we show that for the G-action A x y the algebras €.°(G, A) X, ;4 K and
6:°(G/K, A) are G-equivariantly quasi-Morita equivalent and that €.°(G, A) X,,;q G
is K-equivariantly quasi-Morita equivalent to A, we would get the expected homotopy
equivalence (32) in periodic cyclic homology.

Fix a closed subgroup H < G. Consider the manifold Y(H) = {(x,y) e Gx G| xH =
YH} € G x G and the space €:°(Y (H), A) of smooth A-valued functions with compact
support on Y (H). It is equipped with a product and a smooth G-action defined by :

(fi- f2)(x ) :fol(X,XS)fz(XS,y)dS and (s- ) (x,3) =ys(f(s""x, s ' y)).

It corresponds the algebra of smooth A-valued functions with compact support over
the bundle-groupoid associated to G — G/ H.

Lemma 7.3.2. For every closed subgroup H < G, the following linear map is an isomor-
phism of G-algebras

W GR(Y(H),A) — EX(G,A) X H
f — [(g,h)— f(g, gh)

where the G-action on the 6€.°(G, A) X jq H is given by A xy.

Démonstration. It is clear that the linear map YW realizes an isomorphism of vector
spaces. It commutes with the respective products because for fi, f> € €:°(Y (H), A)
and (g,h) e Gx H:

Y(fi-f2)gh=(f1f)g gh =fcfl(g,S)fz(s,gh)d=fo1(g,gS)fz(gs,gh)s

(\I’(fl)*‘l’(fz))(g,h):fG‘P(fl)(g,S)‘P(fz)(gs,S‘lh)ds=fo1(g,gS)fz(gs,gh).

The morphism VW is also G-equivariant because for s € G, f € €°(Y (H), A) and (g, h) €
GxH:

Y(s- g h) =g gh=ysfs'g s gh) =y, (¥()(s g ) =(s-¥Y()(g h.

The assertion follows. O

Theorem 7.3.3. The following pairs are G-equivariantly quasi-Morita equivalent alge-
bras :
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1. €X(GIK, A) and €>°(Y (K), A);
2. Aand 6> (Y (G), A).

Démonstration. We will show that o := €°(G/H, A) and & = €°(Y (H), A) are
quasi-Morita equivalent when H = K and H = G, using the lemma 7.2.2. Consi-
der E = F = €:°(G, A). They are respectively equipped with a (<7, 98)-bimodule and
(9B, «/)-bimodule structures given, for (a, b, e, f) € o/ x B x E x F, by :

(a-e-b)(g) ::fHa(gH)e(gh)b(gh,g)dh and (b-f-a)(g) := be(g,gh)f(gh)a(gH)dh.

The structures of right «#-module on E and left «/-module on F obviously commute
with the pointwise product on «. We verify the structures of left 28-module on E and
right 8-module on F commute with the product on % :

(e Bg) = [ elghb-H)(gh g)dh
:f f e(gh)b(gh,gs)b'(gs,g)dsdh
aJH

= fH(e- b)(gs)b'(gs,g)ds
=((e-b)-b)(g)

(b-b)- )(g) = fH(b- V)(g,gh) f(ghdh
:f f b(g,gs)b'(gs,gh) f(gh)dsdh
HJH

= | bg. g9 Nigods
=(b-'- g
Define also two epimorphisms of A-bimodules an B-bimodules respectively

Pow: E®zF — o
(e.f) — |[gH— [ye(ghf(ghdh]

P : Fe,E — B
(fe) — xy—fxeyl’
It remains to find linear-sections of these morphisms.
1) Case H = K. Consider a filtration of G/K by balls B(K, r,;) centered on K € G/K of
strictly increasing radius r;, > 0 with lim,,_., 1, = co. Fix y, to be a smooth function
with compact support in B(K, r,,+1) and such that y, =1 on B(K, r,;). By convention
X-1=0o0n G/K. Then any a € €.°(G/K) can be written as a finite sum :

a= Z a(Xn—Xn-1)-

n=0
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7.3 Application to crossed product algebras

Define the linear map :

Sw: of — E®,F=%®(GxG,A®, A)
a — (gh—volK)" Lz (@ (fn = Xn-1)(@ ® Ani1 (0]

One can compute

(Petr ©5) (@) (gh) =vol(K)™H ) UK a(gk)(xn— xn_l)(gk)xn+1(gk)dk)

n=0

=vol(K) ™! I algh) (rn — xn1)(gh) - fK dk

n=0

= a(gk) -Vol(K)_lf dk = a(gk)
K

because y,+1 =1 on B(K,r,). Now, choose a tubular neighborhood A4 < G x G of
Y (K) € G x G with projection 7 : &/ — Y (K). Consider y € €:°(A4) such that y =0
near to 0.4 and y =1 on Y (K) < 4. Define the linear map

Sg. B — Fe,E=%6(GxG,A®; A)
x(g Wb(n(g,h) if(g,heN
b &) { 0 otherwise

A direct computation gives (pgo s)(b)(g,gs) = x(g,g5)b(n(g, gs)) = b(g, gs) because
(g,895) € Y(K) € /. In other words, s is a linear section of p, sg is a linear section
of pg and we showed that €:°(G/ K, A) is quasi-Morita equivalent to €°(Y (K), A) as
expected.

2) Case H = G. Consider a smooth function with compact support y’' € €>°(G) such
that [, x'(g,&)dg = 1. Define the linear maps

Sy: A — E®, F and Sg. B — Fe,E
a — (gh~—ayx(gg b — (g h)—Dblgh) "

Again, direct computations give

(ParoSey)(a) :fGa-x’(gs,gS)ds: a-fo’(g,g)dg= a and (pgosz)(b)(g, h) = b(g,h).

In other words, s, is a linear section of p, sg is a linear section of pg and we showed
that A is quasi-Morita equivalent to €°(Y (G), A). O

Theorem 7.3.4. For every unital Fréchet algebra A endowed with a smooth action of G,
there exists an isomorphism in periodic cyclic homology :

HP.(€¢:°(G/K,A) x G) — HP.(Ax K).

Démonstration. Since the algebras €:°(Y (K), A) and 6:°(G/K, A) are G-equivariantly
quasi-Morita equivalent and the algebras €.°(Y (G), A) and A are G-equivariantly (in
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7.3 Application to crossed product algebras

particular K-equivariantly) quasi-Morita equivalent, the theorem 7.2.4 yields the
following homotopy equivalences

CC(EX(G/K, A) X G) = CC(E€X(Y (K), A) X G)

CC(AxK) = CC(€>(Y(G), A) x K).

But the algebras on the right are isomorphic under the composition

EL(Y(K), A) % G — LG, A) X (GxK)_= €X(G, A) x5 (GxK) = €X(Y(G), A) K.
7.3.2 7.3.1 7.3.2

The assertion follows. O

7.3.2 Smooth Clifford modules

Let us establish the following homotopy equivalence, it will be useful for the rest of
the thesis.

Theorem 7.3.5. Let M be a G-manifold and < be a Fréchet algebra on which G acts
smoothly. The canonical inclusion €:° (M) — €;° (M) of smooth compactly-supported
functions in the smooth Clifford module (see definition 2.2.7) induces a bounded chain
homotopy equivalence

CC((EX°(M, ) X G)) — CC(E€X(M) ®, ) X G).

Démonstration. By definition, the Clifford multiplication ¢ — intsru — extg extends to
a morphism of algebras we denote j : Cliffc(T* M) — End (A T* M). We will write
i : C — Cliffc (T* M) for the canonical inclusion and Tr : End(A\ T* M) — C for the
trace map. We will show that i and Tro j are inverse to each other modulo homotopy
through the functor EE((— ®, ) X G). First, the composition :

C - Cliffe (T* M) -1 End(T* M) 2 €

sends 1 € C to the trace of the identity matrix i dgnq(p 7+ a1, Which is dim(A T* M) =
2dimM) The composition Try o j. o iy is then homotopic to the identity at the le-

vel of algebra, and becomes chain-homotopic to the identity through the functor
CC((—® ) X G).

Now we show the other side of the composition. Consider the unital algebras R =
E°(M) and S = I'*® (M, Cliffc (T* M)) and the morphism i, : €°°(M) — I'*°(M, Cliffc (T* M)).
The following diagram commutes

I'®(M,End(A T*M))

(idEnd®i)*\L Ix
I (M, End(A T* M) ® Cliffc (T* M) ity cgoo(pp)

> Eoo (M)
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7.3 Application to crossed product algebras

since the bottom arrow is the tensorization by S along R of the top arrow. The compo-
sition i, o Tr, o j, can then be computed as

(Treidgi)x © (Idpnd ® 1)« © jx c€TC>O(M) — Cgfo(M)

Moreover, the algebras R and S are Z/2Z-graded and the morphism i, : R — S pre-
serves the grading. The diagram above then also commutes for the graded tensor
product ® instead of the ungraded tensor product ®. Consider the family of linear
maps forO0<t<m/2

he: T"M — End (A T* M) &Cliffc (T* M)

v — cos(?) ((intvu —exty) ® idchff) +sin(#) (idEnd ® v) )

For any 0 < ¢ < /2, the square of h, is equal to the multiplication by the scalar | v||?
because the tensor product we considered is graded, hence extends to a morphism
of algebras out of Cliffc (T* M). The family {h;}o<¢<x/2 then realizes a G-equivariant
homotopy between

ho = 1gna ® idir : Cliffc (T M) — End (/\ T* M) & Cliffc (T* M)

hy = (idgng ® i) o j : Cliffc (T* M) — End (/\ T* M) & Cliffc(T* M).

We showed that i, o Try 0 ji : €7° (M) — €;°(M) is homotopic to the composition
(Tr ® idcyigf) » © (1gng ® idciift) « = (Tr(1gnd) ® idcyigf) » Which is noting other than the
multiple of the identity by the scalar 29™®) [t makes the composition i o Tro j chain-
homotopic to the identity at the level of periodic cyclic complexes through the functor
CC((- ®; o) X G), which ends up the proof. O
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Let G be a connected real reductive Lie group, K a maximal compact subgroup of it
and A a complete locally convex algebras endowed with a smooth action of G as before.
The aim of this chapter is to show that the Dirac element a € Kg‘m(G/ K (€, (GIK))
induces an isomorphism of periodic cyclic homology groups

(@*®idy) % G: HP.(€X(GIK,sf) X G) — HP. ,dimc/x (& X G).

where of = A®,; 2 is the stabilization of A with a certain Schatten ideal &. To obtain
this isomorphism, we will descend the construction of section §5 from bivariant K-
theory to periodic cyclic homology by refining the Cuntz identification 5.1.5 for the
Dirac and dual Dirac elements. We will show that they associated Fréchet algebra ho-
momorphisms are K-equivariantly inverses to each other at the level of periodic cyclic
complexes. The passage form K-equivariance to G-equivariance is a consequence of
the theorem 1.2.4 of Nistor [Nis93] which identifies periodic cyclic homology of cros-
sed product algebras by G and K on each conjugacy classes, the Dirac element being
define globally. The main reference for descent from bivariant K-theory to periodic
cyclic homology are [Nis93] and [Nis91].

8.1 Banach version of the Cuntz algebra

In this section, we adapt the Cuntz algebra g A defined in 5.1.3 into a rescaling
family of algebras {gr A} r>0 playing an analogous role for bounded homomorphisms
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8.1 Banach version of the Cuntz algebra

of Fréchet algebras instead of C*-homomorphisms.

8.1.0.1 The Banach free product

Let A be a Banach algebra. Recall the construction of the algebraic free product in
section §5 as the coproduct in the category of complex algebras. In order to work in
a Banach framework, it is necessary to equip the algebraic free product A x A with a
submultiplicative norm compatible with given norms on the algebras. Given R > 1,
we define the norm || - || g to be the largest norm which coincide on each factor A®7"
with nR"~! times the projective crossed norm. This sub-multiplicative norm may be
thought as a rescaled version of the projective norm.

Definition 8.1.1. Given a Banach algebra A and R = 1, we define the Banach R -free
product Qr A to be the completion of the algebraic free product A x A with respect to
the norm| - | g.

The algebra Qr A is a rescaled version of the classical C*-free product QA defined in
5.1.2 and allows to control a larger class of homomorphisms than just the contractive
ones, as shows the next lemma.

Lemma 8.1.2. For any pair of Banach algebra homomorphisms ¢g, ¢, : A— B of norm
at most R there exists a unique homomorphism ¢ x ¢, : Qr A — B verifying :

(o * Pp1) ot = o, (o * Pp1) oty =y and ||po *x 1]l < R.

It is given by (¢o * ¢1)(ao - an) = Po(ao)P1(a)Po(az) - - Pn moa2(an) on the reduced
words.

Démonstration. It is clear that the definition of ¢y * ¢»; on the reduced words extends
to a well-defined homomorphism on the whole algebra Qr A. One can easily check
the computations (¢ * 1) o 1o = o and (o * ¢p1) 011 = ¢1. It remains to show that
(o * ¢p; is of norm at most R with respect to | - ||z. Taking x =} ;¢; a(()’) e aﬁl’i) EAXx A
we compute :

(o * p)X) s < Y Il (po * 1) (ay -+~ i)l s.

iel

=Y lipo(a) slp1(a) s - Ipn, moaz(ai) i
iel

<Y R"Madla--lal (because l|¢oll, llp1 ]l < R)
iel

<R|) (n;j+1)R™ IIa(()i) IIA---IIaffi) A (because n; = 1)

iel

< R xllg.

It ends up the proof. O

Lemma 8.1.3. Any bounded algebra morphism ¢ : A — B induces a morphism of
between the respective free algebras Q¢ : Qpr A — QrB when R' = R||¢|.

73



8.1 Banach version of the Cuntz algebra

Démonstration. Composing ¢ with the canonical inclusions t,t; : B— QgrB leads to
a pair of algebra homomorphisms (19 o ), (¢1; 0 ) : A— QrB. It induces an algebra
homomorphism Q' A — QgB for all R’ greater to the norm of both ¢y o ¢ and ¢; o p. We
compute [[(tpop)(@)llr = lPp(a)llr < Rl x |lall 4. Same thing occurs for ¢; o ¢p, which
gives the expected result. O

The above lemma shows that the construction A ~~ Qg A is functorial with respect to
bounded algebra homomorphisms, provided adjustment of the parameter R. This
flexibility will be crucial for the following constructions.

The two inclusions on first and second coordinates A = A® A are isometries. By
definition of the free product, they induce for all R = 1 an algebra homomorphism
we denote i : QrA — A® A which verifies for all a € A the identities i(ig(a)) = (a,0)
and i(11 (a)) = (0, @). The following theorem is proved in [Cun87] for the C*-algebraic
setting and we adapted the proof for the Banach framework.

Theorem 8.1.4. ForallR = 1, the algebra homomorphism i : QrA — A® A is homotopic
to the identity modulo 2 x 2-square matrices. Moreover, if A is a G-algebra, the homotopy
equivalence is G-equivariant.

Remark Before to show the theorem, we need to fix a topology on the space of square
matrices. If B is a Banach algebra, we endow M, (B) with the topology induced by the
multiplicative Hilbert-Schmidt norm. With this norm the space of square matrices
with coefficients in B is Banach and the matrices

cos(%t) sin(%1)

Vi
2
—sin(Z1) cos(Z1) (53)

U =
are isometries for all ¢ € [0, 1].

Démonstration. Let us take the algebra homomorphism

j: A®A —  M(QrA)

@ 0 ).
(a,b) — ( 0 Ll(b))

We will prove that it defines an inverse to i modulo smooth homotopy. First, let us
consider the composition My(i)oj: A® A — M>(A® A). We want to show that it is
homotopic to the top-left corner inclusion of A& A in its space of square matrices. We
compute for (a,b) € Ad A:

e paby =0 ):((a,()) X )

0 i1 (b)) 0 (0,b
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8.1 Banach version of the Cuntz algebra

The continuous family of homomorphisms

wp): AeA — My(A® A)
(@0) 0 (0 0\
(a,b) ( 0 o)”f(o (o,b))”t

where u; is the rotation matrix (35) realizes a smooth homotopy between w(0) =
M (i) o j and the top-left corner inclusion w(l) = A® A— M(A & A).

Now consider the other side composition joi: QrA— M>(QrA). We want to check
that it is smoothly homotopic to the top-left corner inclusion of Qr A in its space of
square matrices. For all a € A, the morphism j o i verifies, by definition of i as a free
product, the following identities :

la) 0

(joi)uo(a)):j(a,m:( o 0

0 O

Since u; is an isometry for the Hilbert-Schmidt norm for all 7 € [0, 1], the following
pair of isometric homomorphisms

A — M>(QrA)
L g pla) O
Yo: 0 0

0 o)_1

ri): a — ut(o 1 () u;

induces for all R = 1 an algebra homomorphism yo x y1(¢) : QrA — M2 (QrA). When
t = 0 we recover exactly j o i by the computation above and when ¢ =1 we get the top-
left corner inclusion Qr A — M>(QgrA). We proved that the algebra homomorphism
i is smoothly homotopic to identity modulo square matrices, which ends up the
proof. O

8.1.0.2 The Banach Cuntz’ algebra

Definition 8.1.5. For all R = 1, the Banach Cuntz’s algebra qr A associated to A is
defined to be the kernel of the fold map qrA :=ker(id x id : QrA— A).

By definition of gr A, the following exact sequence is double-split forall Aand R >0:

lo, 11

0 — grA —> QprA X8 4 5 . (36)

Again, this algebra is a Banach version of the Cuntz’ algebra g A we defined in 5.1.3.

Lemma8.1.6. Thealgebra qr A is the two-side ideal of Qr A, generated by the differences
o(a) — 1y (a) for a € A. In particular, any element x = 19(ap)t1(a1) - Ly moa2(an) € qrA
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8.1 Banach version of the Cuntz algebra

with a; € A can be written as :

Ln/2)
x=) l1(“0"‘d2k—1)(l0(6l2k) —l1(dzk))tl(dzk+1)Lo(6l2k+1)"'ln mod2(an).

k=0
Démonstration. It is clear that any difference (o (a) — 1 (a) with a € A belongs to grA,
i.e. to the kernel of the fold map because (id x id)(1y(a)) = a = (id % id) (11 (a)) by the
universal property of the free product QrA. Then gr A contains the two-side ideal
generated by the differences. On the other side we need to show that any element
x =1 (ap)ti(ay) - tymod2(an) € qrAlies in this ideal. The telescopic sum above is an
element of this ideal and a straightforward computation shows that it is equal to
x—t1(ap---ay) € QrA. But because x is in the kernel of the fold map,

0= (id*id)(x) = (id * id)(wo(ao)1(a@1) - tpmod 2(an)) = ap -+ an € A.
Then the sum above is exactly equal to x and we showed the lemma. O

Lemma 8.1.7. For every integer N = 0, the natural inclusion j : (qrA)N — qrA induces
a chain-homotopy equivalence of periodic cyclic complexes.

Démonstration. There exists natural isomorphism of vector spaces :

QrA =~ QA
wlagqlay)---qla,) < apda;---day
q(ar)---q(ay) — day---day

where g (a) denotes the difference ty(a) —t; (a) for any a € A. Under this isomorphism,
the gr A-adic filtration of Qr A corresponds to the degree filtration on Q A, which is
QrAl(qrA)YN = Q<" A. This identification yields to canonical linear sections of the
algebra epimorphisms for any N> 0:

QrA— QrA/(grA)YN, and QrA/(qgrAN — QrAl/qgrA= A.

In other words, we obtained two split algebras extensions where all vertical arrows
have also bounded linear sections :

0 — (GrAYN — QrA —— QrA/(grAN — 0

i ! !

0 > qrA > QpA —— QrA/grRA —— 0

The extensions give rise via the excision theorem in periodic cyclic homology 4.3.3
to long exact sequences of homology groups. As QrA/(qrA)"* — QrA/qrA has nil-
potent kernel, it induces a chain-homotopy equivalence of periodic cyclic complexes
by Goodwillie’s Theorem [Goo85]. Then, the right vertical arrow and the central ver-
tical arrow are chain-homotopy equivalences which gives that j : CC ((grAN) —
CC(grA) is also a chain-homotopy equivalence as expected. O
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8.1 Banach version of the Cuntz algebra

The following theorem is central in the study. It relies on the fact that the homotopy
equivalence between the free product Qr A and A@ A is enough stable to be preserved
under smooth actions of group and tensorization. Again, it is a Fréchet and equivariant
version of the constructions of [Cun87].

Theorem 8.1.8. If A and B are G-algebras, the canonical algebra homomorphism
id*0:grA— A induces a chain homotopy equivalence through the functor CC((- ®5
B) X &), which is

((id*0) &y idp) % G: EE((qRA ®, B) G) Tt EE((A ®, B) G).

Démonstration. Tensoring the double-split extension 0 — ggA — QrA — A — 0 (see
equation (36)) with B, and then taking the G-crossed product yields the extension

0 — (rA®;B)x G — (QrA®;B)x G —> (A®;B)XG —> 0

which is doubly-split via the linear maps (1p® idp) X G and (1; ® idp) ¥ G. The argument
of Cuntz 8.1.4 showing that Qr A — A® Ais a stable homotopy equivalence also applies
to (QrRA®;B) X G — (A®,; B) xG&(A®,; B) X G, which implies the expected result. [

Corollary 8.1.9. For any G-algebras A, A', B and R > 0, the morphisms :

Ar=((f ®id)* (e id))lq  qr(A 8y A') — qrA®; A
R

Vg = ((id@tg‘/) * (id@tf/))lq gr(A®; A') — A®; grA
R

induce chain-homotopy equivalences trough the functor CC((— ®; B) x G).

Démonstration. It is a consequence of the identities
((ida*0)®idy)oAr = idA®nA’ *x0 and (ida® (idy %0))oVg = idA@nA/ *x0

and the fact that i d %0 is a chain-homotopy equivalences through the functor CC((—®,
B) x G) due to the theorem 8.1.8 above. O

Remark Given a Fréchet algebra A and a derivation D over it, we can equip A with the
€k -sup semi-norms |l all := ID*(a)| controlling the growth of the derivatives. This
structure naturally endow the Cuntz algebra gr A with a family of semi-norms

ez (@) -+ tn mod 2(@n) | (R, m) = Y. RMaillm, - llanlm,. (37)

(my,--,my)eN"
my+--mps<m

For a fixed R, we will denote by g3’ A the completion of gr A for the norms | - [|(r,m),
where m € N. All the result established above for gr A also hold for g3’ A.
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8.2 Dirac-dual Dirac method in periodic cyclic
homology

Let G be a connected Lie-group and K < G a maximal compact subgroup of it. The
group G acts by left translation on the quotient space G/ K. We make the assumption
that G/K is even-dimensional. We fix over G/K a G-invariant Riemannian metric. Re-
call the definitions of the Dirac element «a € Kg(%,(G/ K)) and the dual Dirac element
Be Kf(‘gr(G/K)) (see §3.3.3 and 2.2.9) over the complete manifold G/K :

d+d*
(1+A)/2’

B :=leo]l —[e1].

The Riemannian connection V acts as a derivation on the smooth Clifford module
€;°(G/K) defined in 2.2.7, which is the space of smooth sections with compact sup-
port on the Clifford bundle. It is endowed with a Fréchet topology coming from the
family of € k—sup norms || - || with k € N we defined in the remark above. Hence,
we equip g7’ (€7°(G/K)) with the family of norms || - [|(r,m) with R >0 and m € N we
defined in (37). In this subsection, we verify that in the Dirac and dual Dirac elements

descend to morphisms :

a:=|H = L*(Q(GIK)), pgsa+ F= U = left transl. |,

at: X (€ (GIK) — (PC () and B : :C — €°(G/K) ®, My(C)

for R great enough where we recall that £7¢(#) is the G-smooth p-th Schatten ideal
(definition 5.1.7). We also compute their composition alo q}’f (ﬁﬁ) which turns out to
be K-equivariantly homotopic to the morphism representing the trivial class 1 €
KKk (C,C) (see 5.1.8). In order words, this subsection refine the Cuntz identification
at the level of Fréchet algebras for the Dirac and dual Dirac elements and compute a
one-side composition using Kasparov theorem 5.2.1.

Proposition 8.2.1. The Dirac element a € Kg(cér(G/ K)) can be represented by a G-
equivariant Kasparov bimodule (€, p, F) such that for p > dim(G/K) there exist a
constant R > 0 verifying for all f € €;(G/K) :

F>=1, llp(NI<RIflo and I[Fp(/)I <RIfl.

Démonstration. According to Connes [Con85], pages 89-91 one may obtain, after ad-
ding a degenerate Kasparov bimodule to «, a G-invariant Fredholm module (#, p, F)
which represents the same class as a in the G-equivariant KK-group KK¢(C;(G/K),C),
is p-summable over €°(G/K) for p > dim(G/K) and satisfies F? = Id. It is clear that
the morphism p is bounded because the Clifford multiplication representing a was
already bounded. We have to show that the commutators [F,p(f)] is also for the
norm ¢”, when p > dim(G/K). Let x € G/K and B; c B, ¢ B3 c G/K be balls of cen-
ter x and strictly increasing radii. We will show that [F, p(f)] is £”-bounded for any
f € €2°(By). Fix a real cutoff function y € €:°(B2) which is constant equal to 1 on B,
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and p € 6.°(B3) which is constant equal to 1 on B,. The commutator becomes :

(Ep(N=[Ep(Nlx+p(HILEx].

The image of the operator p(f)[F, y] consists of functions supported in B;. Viewing
them as functions on §” = G/ KU{oo} vanishing outside B; we may interprete p(f)[F, ]
as pseudodifferential operator from G/K to S™. Its order is —1 so that it extends to
a bounded operator p(f)[F x] : L%(GIK) — AV (S™) whose norm is majorized in
terms of f, y and their first derivatives, i.e. in terms of || f||;. Now we may factorize

p(NIE ) : LHGIK) — 20 (S — L™ £ L2(GIK)

where the last map is given by multiplication with y, followed by extension by 0 outside
Bs. The first and last maps are bounded operators whereas the middle one lies in the
p-th Schatten ideal for p great enough. The assertion for p(f)[F x| follows because
/P is a two-sided ideal in £ (H). Consider now the bounded operator [F, p(f)]x on
£?(G/K). The operator F is bounded and self-adjoint on %2 (G/K). Now a bounded
operator on Hilbert space belongs to the Schatten ideal ¢7 if and only if its adjoint
does and the Schatten norms of the two operators coincide. We find

(B p(NIX* = —x[F p(f)]

and our previous arguments apply to the latter operator. This proves that [F, p(f)] is
bounded for the £”-norm. Choose R great enough with respect to the norm of p and
of the commutator [F, p(f)]. O

Since G/K is supposed to be even-dimensional, write the underlying Hilbert space
as a direct sum # = /7, @ /- and denote P, for the projection to the even part.
Consider the morphisms

Po:=PipP; : € (G/IK) — £L(A) and p;:=P,Fp(f)FP,:6°(GIK) — ZL(H).

Theorem 8.2.2. The Dirac element «a induces, for p > dim(G/K) and R > 0 great
enough, a bounded algebra homomorphism :

af = (po * p1)ige : 7 (€5°(GIK)) — PO ().

where we recall that £P'C () is the G-smooth p-th Schatten ideal (definition 5.1.7).

Démonstration. Take R as in the lemma above. Due to the topology in g3’ (67°(G/K))
coming from the € k -sup norms on €;°(G/K), it suffices to show that for any element
X =10(fo)t1(f1) - tnmod 2(fn) € g7 (€7°(G/K)), it exists a constant C > 0 and an integer
m € N such that

l(po * 1) (Xl er ey < Cllxl(R,m)

where the norm || - || (g,;) have been defined in (37). Due to the lemma 8.1.6, we can
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write

/2
(Poxp)(x)= > p1(fo- "ka—l)(pO(ka) - Pl(f2k))P1(f2k+1) “*Pnmod2(fn)-
k=0

The free product pg x p; applied to x € gg A is of norm :

n/2]

oo * o) Dllercen < Y lp1(fo- 'fzkfl)(PO(fzk) - Pl(fzk))m(fzkﬂ) “+*Pnmod 2 (fu)ller ()
k=0

Ln/2)
< Y lp1(fo- for—D e lpo(for) = o1 (o) ler i 101 (faks1) *+* P mod 2 () lLcen
k=0

Ln/2)
< Y R"Ifollo Il fak=1llollpo(fax) = o1 (Fa) v e | fars o=+ Il fallo (by 8.2.1)
k=0

[n/2]

< Y R™Mfollo I for—1lloll forlli l foksrllo == 1l fullo (by 8.2.1)
k=0

< Rl xll&,1)

which ends up the proof of boundness. Finally, the image of pg * p; is contained in
the space of smooth vectors of the G-module ¢” (#) because F is G-equivariant and
acts smoothly on €;7°(G/K). O

Proposition 8.2.3. The dual Dirac element 5 = [ep] — [e1] € Ké((%T(G/K)) induces a
K-equivariant bounded algebra homomorphism

B = (e * e1) g, : 1€ — € (GIK) ® 7 My (C).

Démonstration. Itis a consequence of the universal property 8.1.2 of the Banach free
algebras defined before because the idempotent 2 x 2-matrices ey and e; are both of
norm 1. O

Proposition 8.2.4. The following algebra homomorphisms are K -equivariantly homo-
topy equivalent, where we recall 1 ¢ is defined in 5.1.8:

a0 g (B : qr(nC) — Ma(¢PC () and 1k : qr(1C) — Ma(CP° (F6)).
Démonstration. This assertion corresponds to the restriction of the corollary 5.2.3 to

qr(q:1C) < q(g0). O

8.3 Application to crossed product algebras

Now we have defined the Dirac and dual Dirac in a Fréchet framework and verify
their one-side composition property, we will be interested in considering crossed
product algebras. Fix a complete locally convex algebra A on which the Lie group G
acts smoothly as before.
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8.3.1 The stabilized algebra

Definition 8.3.1. The stabilization algebra is defined to be the Fréchet G-algebra
QP = (PG (A of smooth elements in the p-th Schatten ideal associated to the Hibert
space 7' = @®n L* (G, du) made of a the direct sum of countably many copies of the
regular representation of G. Will use the notation «f = A®,; 9 for the stabilized algebra
of A.

Remark Given any Hilbert space ., there exists a non-canonical isomorphism
PG () @, OPC(H) = 0P O (A © #') = 0P O (A"), which makes the stabilized algebra
stable under tensorization by smooth Schatten spaces, i.e. it exists a G-equivariant
isomorphism

PO ®n sl = A. (38)

Lemma 8.3.2. Forevery G-algebra A with stabilization </, the following chain-complex
homomorphism is an chain-homotopy equivalence

(1= p1)® idey) x G: CC(ef % G) — CC((Ma(¢PC (7)) @ 54) % G).

Démonstration. The G-equivariant isometric isomorphism of Hilbert spaces

¥ HR,H — AN A
(o f  — (g—nr(8)-f(g)

induces a G-equivariant isomorphism at the level of the p-th Schatten ideals :
V' P65 (7) 8, 2" PO (AN @, D = 0P () @, D

The last equality comes from the fact that the action of G being trivial, any vector in the
Schatten ideal is smooth with respect to it. In particular, /P (A"™) @, of =~ ¢ PG () @,
& in a G-equivariant wy and the chain-complex morphism of the statement descends
to:

(1= p1) @ idy) x G: CC(ef % G) — CC((Ma(£P(76"™)) 9 57) % G).

We want to show that it defines chain-homotopy equivalence. In [Sim10], he states
that the canonical homomorphism A" &, (A")Y — ¢1(A#") is an isomorphism
of Banach algebras. The vector spaces E = #"™ ®, of and F = (#"™")" then define a
G-equivariant quasi-Morita datum between «# and ¢! (#"") ®, o« according to the
lemma 7.2.2. Moreover, the equivariant quasi-Morita equivalence is realized sending
1 € C to the idempotent operator p; of rank one :

(1= p)®idy:od — 01 (A0, o

The case p = 1 follows from theorem 7.2.4 and Morita invariance of periodic cyclic
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homology 4.3.3 (to make disappear the matrix algebra) :
(1= p1) ® idus) % G: CC(sf 1 G) — CC((Ma(€} (H™)) 0 57) % G).

Write of), := (0P (") @, of) x G and of) := (01 (A#"V) &, of) x G. The canonical in-
clusion i : 01 (A) — ¢P (A" extends to i : of} — . We will show it induces a
chain-homotopy equivalence by showing that it possesses an inverse at the level of
periodic cyclic complexes. By definition of Schatten ideals, it exists an integer N =0
such that the image of the multiplication of N elements in £” (#"") is bounded in
01 (A"). It makes commutes the following diagram for all R > 0 :

(RN —L qr(sty)

mult\L \Li dx0

sty ——— o,

where j is the inclusion of a higher power of the ideal gr(s/),) S Qr(sf)) in itself. It
induces a chain-homotopy equivalence due to lemma 8.1.7 applied to A = «,,. The
right arrow also induces a chain-homotopy equivalence due to theorem 8.1.8. Write
j ~Land (id % 0)~! for their respective chain-homomorphisms inverses. Then it is clear
that the composition multo j~! o (id x 0)~! is an inverse of i at the level of periodic
cyclic complexes, which ends up the proof. O

Corollary 8.3.3. The following diagram commutes and the vertical arrows are chain-
homotopy equivalences :

(1K®idd)><lG —

CC((r(q10) ®7 ) x G) ——L5 CC ((Ma(£PC () ®7 A) % G)
((id*0)2®id£¢)xG\L~ ~T((1—»p1)®idg¢)mG

— idyxc a2 yal
CC( xG) > CC( X G)

Démonstration. It is clear that the diagram commutes by definition of the morphism
1k in 5.1.8. The left vertical arrow is a chain-homotopy equivalence by theorem 8.1.8
and the right vertical arrow is also by the lemma above. O

8.3.2 Rotation trick

In this section, we use a form of Atiyah’s rotation trick to compute both side compo-
sition of the Dirac and dual Dirac element using the flip of coordinates in the manifold
G/K x G/K. By simplicity of notation, during this section we will write ./ for the
algebra M, (€;°(G/K)).

Lemma 8.3.4 (Rotation trick). Recall the definition of the dual Dirac element 3 using
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the idempotent matrices ey and ey 2.2.9. The following diagrams commute :

q;"((egoaid)*(e]@id)) q?((id@eo)*(ideael))

ARGRM) B R Mg M) GG M) B (M M)

q?f(Anl q;‘f(vl)l

qy (1 C ey M) Vi qy (M &7 41 C) Vg

o] -l
- pleid ~ ideqy (Y -~
NC®y gy M —————— MR qy M MOy Gr()C) ———————— MR qy M

Démonstration. The proof is straightforward and follows from the definition of Ag
and V5 in 8.1.9. O

Theorem 8.3.5. Let G be a real Lie group with maximal compact subgroup K such
that G/ K is even-dimensional. For every complete locally convex G-algebra A, the G-
equivariant algebra homomorphism o' : qy (€:°(G/IK) — ¢ PG () coming from the
Dirac element a € Kg(céT(G/ K)) induces an chain-complex homomorphism which is
invertible modulo homotopy

CC((e ® id.y) x K : CC((45 (62°(GIK)) 8y ) 1 K| — TC((¢PC () & ) % K .

Démonstration. We will show that this chain-complex homomorphism possesses
right and left inverses modulo homotopy. The proposition 8.2.4 states that there exists
a K-equivariant homotopy equivalence between the morphisms of algebras :

a’o g (%) : qr(g1C) — My(€PC(#)) and 1k : gr(g1C) — Mo(£PC(H)).

The corollary 8.3.3 states that the second homomorphism is chain-homotopy equi-
valent to the identity through the functor CC((- ® <) % K), which is that ff((a:ti ®
id.s) x K) is right-invertible of inverse CC((g% (") ® id.s) x K). It remains to show its
left invertibility. Consider the following diagrams :

© Vroq (A1) o idg, ®a’ G
ag (M) ————— QC&r gl ———— QC&; My((P7 (A))

q%"((emid)*(emid))l lﬁﬁmdq? \Lﬁ%isz
R M &5 M) ———> MO Y M ———— M &5 My((PC(H))

idﬂ@ﬂfu

- VRog (V1)
qay (M) ———— M @7 qr(q1C)

q?((id@eo)*(imel))l \Lid,ﬂ@)qff(ﬁ”)

AR M &5 M) ——— M S5 M ————— M &7 Mp((PC(H))

id_ﬂ@aﬁ

The left squares commute due to the rotation trick 8.3.4 above while the first right
square commutes because the coordinates are independent to each others. Moreover,
the proposition 2.2.8 states that the idempotent matrices ey and e; produce mor-
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phisms of algebras that are homotopic :
(e;9id) ~(id®e;): M — M, 4, fori=0,1.

This homotopy is K-equivariant because the morphism © of lemma 2.2.6 applied
to V = €°(G/K) preserves the isometric action of K. In other words, the vertical
left arrows are K-equivariantly homotopic, which makes the following compositions
K-equivariantly homotopic to each others by a diagram chasing argument

Vgo liR ldqlf G ﬁt®idM2 G
qz () —> N C oy g7 (M) —> N C &y My(0P®(H)) ———> M &7z Mp((PT(HE))

(39)
idy®qy (8 idg®at

02 tl) T fe grn©) LT e gt T g o My(0PE ()
In proposition 8.2.4 we obtained af o ay (B") as K-equivariantly homotopic to 1,
the last composition then becomes (id_4 ® 1k) o (Vg 0 g3’ (V1)) modulo K-equivariant
homotopy. But the chain-homomorphisms

Eé(u'dﬂ ®1x®idy) K) and EE((VR 0 g (V1) ® idy) X K)

are both chain-homotopy equivalent to the identity due to 8.3.3 and 8.1.9. Thus the
first composition (39) then is chain-homotopy equivalent to the identity through
the functor CC((— ®, <) x K). We obtained the chain-complex homomorphism
65((,6ﬁ ®idy, ® idy) X K) as a left-inverse of @((idqlc ® a’ ®id.y) x K), which is
chain-homotopy equivalent to CC((at®idy) x K) by lemma 8.1.8. The morphism
66((&ﬁ ® id.) % K) being both right-invertible and left-invertible, it ends up the
proof. O

8.4 Main theorem

It finally remains to glue all the pieces together. The main argument is the following
lemma, which is consequence of the theorem of Nistor [Nis93].

Lemma 8.4.1. Let A and B be two Banach G-algebras, K a maximal compact subgroup
of G, and a G-equivariant algebra homomorphism ¢ : A — B. If the induced chain-
complex homomorphism

CC(pxK):CC(AxK) — CC(B %K)

is invertible modulo homotopy, then HP.(¢ X G) : HP.(A X G) — HP.(B X G) is an
isomorphism.

Démonstration. We can extend the map ¢ into morphisms ¢ xG: AXG— BxG
and ¢ x K: Ax K — B x K asitis G-equivariant and in particular K-equivariant. The
result [Nis93][Theorem 1.1] tells us that for any maximal ideal m of the class functions
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algebra €°°(G)™™¥ we have the following isomorphism, natural in A :
HP.(AX G)m = HP. , dim(G/x) (A X K.

The under-scripts stand as localizations with respect to m of these €*°(G) ™ -modules.
Using this theorem for the G-algebras A and B builds the following commutative
diagram with vertical isomorphisms :

HP.(A% Gy — s HP.(BxG)y

$xK
HP,  dimGix)(AXK)y — HP.idimGrx) (B X Ky

Indeed, as 66((,[) x K) is supposed to be invertible modulo homotopy, the bottom arrow
becomes an isomorphism, and so is the the top arrow. We showed that ¢ x G is globally
defined and a quasi-isomorphism locally, and so is a global quasi-isomorphism. [

Theorem 8.4.2 (Main theorem). Let G be a reductive group and K be a maximal
compact subgroup. For every complete locally convex G-algebra A, the Dirac element
ae Kglm(G/ K (#,(G/K)) induces an isomorphism in periodic cyclic homology

(@*®@idy) xG: HP.(of X K) — HP.,gim@Gix) (< * G)

where of = A®; D is the stabilized algebra.

Démonstration. Suppose first that G/K is even-dimensional. In that case, the theorem
8.3.5 applies and states that the morphism

' ®id.y : X (€ (GIK)) &y — My(UPC(H)) ®n A

verifies the assumptions of the lemma 8.4.1 above. In other words, the Dirac element
a realizes an isomorphism of periodic cyclic homology groups :

(@@ idey) % G: HP.((qF (62°(GIK)) ®7 /) % G| — HP.((My(¢PO(F6)) &5 0) % G).

The theorems 8.1.8 and 7.3.5 states that there exists a chain-homotopy equivalence
between the periodic cyclic complexes

CC((a5 (62°(GI KN ®x#) % G| — TC((65°(GIK) @) %G| — CC(EC(GIK, ) % G).

On the other hand, lemma 8.3.2 shows that morphism 1 € C — p; € M, (¢PC (7))
induces the following chain-homotopy equivalence :

CClst % G) = CC((Ma(¢P 5 () & 54) % G).

In particular, the Dirac element realizes an isomorphism of periodic cyclic homology
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groups :
(@' ®id.y) % G: HP.(€X(GIK,of) X G) — HP.(f x G).

Composing this isomorphism with the isomorphism of theorem 7.3.4 applied to the
stabilized algebra «f = A®,; 2 leads to

HP,(of x K) — HP,((€°(G/K, /) x G) — HP.(4 x G).

Now, if G/K is odd-dimensional, consider the real reductive group G' = G x R whose
maximal compact subgroup remains K. In that case, G'/ K is even-dimensional and
the Thom-isomorphism gives HP.(«f X K) — HP.(«f X G') — HP.;1(« X G). [

This theorem might be thought as the homological counterpart of the Baum-Connes
conjecture with coefficients for Lie groups. It realizes the Dirac induction (31) at the
level of periodic cyclic homology :

D-Ind
Ki(«f xq K) L N KirdimGix (A Xg,r G)

K;(« x K) Ki+dim@Grio (% G)

C h\L \LC h

HP;(«f X K) — HPjdgim@Grio (A X G)
(a*®idy)xG
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